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The Master Method

The master method for solving divide-and-conquer
recurrences applies to recurrences of the form*

T(n) = aT(n/b) + f(n),

wherea > 1,b > 1, and f is asymptotically positive.

*The unstated base case is T(n) = O(1) for all n < ny for a
sufficiently large constant n,.
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f(n)

) >3
T(n/b) T(n/b) --- T(n/b)
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Recursion Tree: T(n) = aT(n/b) + f(n)

/Qf,(gn;\a
f(n/b) f(n/b) --- f(n/b)
PLEERN]

T(n/b2) T(n/b?%) -+~ T(n/b?)
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Recursion Tree: T(n) = aT(n/b) + f(n)

f(n)
d

/@L)\
f(n/b) f(n/b) --- f(n/b)
A a
f(n/b2) f(n/b?) -+ f(n/b?)
/
/.
T(1)
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Recursion Tree: T(n) = aT(n/b) + f(n)

A f(n) -=---ccmcmemao. f(n)
=2
f(n/b) f(n/b) --- f(n/b) ----- af(n/b)
h = logyn M
f(n/b2) f(n/b?) -+ f(n/b?)----------- a’f(n/b?)
/
/

A L T alogsn T(1)
— @(nlogba)

[ IDEA: Compare n'o9v? with f(n) . }
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- alo9n T(1)
— @(nlogba)

[T(n) — @(n'ogba)]
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A -~ f(n)
----af(n/b)
h = log,n
f(n/b?) f(n\ Specifically, f(n) = /------ acf(n/b?)
/
/
L (T N SR alog:n T(1)
_ log,a
T(n) = O(f(n) | On®%%)
*and f(n) satisfies the regularity condition that
af(n/b) < cf(n) for some constantc < 1.
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--af(n/b)

f(n/b? -a2f(n/b?)
./
;
vT(1) a'logs" T(1)

— @(nlogba)

{T(n) — @(nlogba|gk+1 n)]
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Master—-Method Cheat Sheet

Solve

T(n) = aT(n/b) + f(n) ,

wherea > 1 and b>1.

CASE 1: f(n) = O(n'°92-€) constant e > 0O
= T(n) = O(n'°%2) .

CASE 2: f(n) = O(n'°%2a |gkn), constant k > 0
= T(n) = O(n'°%a Igk+Tn) .

CASE 3: f(n) = Q(n'°9v2 + €) constant € > 0
(and regularity condition)

= T(n) = O(f(n)) .

https://tinyurl.com/mm-cheat
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Master Method Quiz

eT(n) =4T(n/2) + n
n'°9%a = n2 > n = CASE 1: T(n) = O(n?).

e T(n) = 4T(n/2) + n?
n'°g9sa = n2 = n21g°n = CASE 2: T(n) = ©(n?lgn).

eT(n) = 4T(n/2) + n3
n'°9%2 = n2 <« n3 = CASE 3: T(n) = O(n3).

e T(n) = 4T(n/2) + n?/Ign
Master method does not apply!
Answer is T(n) = O(n¢lglgn). (Prove by
substitution.)

More general (but more mathematically
sophisicated) solution: Akra-Bazzi method.
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