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Square-Matrix Multiplication
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Assume for simplicity that n = 2k,
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Parallelizing Matrix Multiply

cilk #orn(int "1=05"di<n5, F+ide’
c Lk " Fore (Tmtik] =05 U< 25t 7)1
for (int k=0; k<n; ++k)
Ci][3] += A[il[k] * B[k][J];

Work: T,(n) = ©(n%)
Span: T4 (n) = O(n)
Parallelism: T,(n)/T4(n) = ©(n?)

For 1000 x 1000 matrices, parallelism = (10%)? = 10°.

© 2008-2022 by the MIT 6.106/6.172 Lecturers



Recursive Matrix Multiplication

Divide and conguer — uses cache more efficiently, as we'll

see later In the term.

f Coo  Coa \ B f Ao Ao \ f Boo
. Cio Cn ) A A . Bao
i AooBoo  AooBo1 \ n i Ao1B1o
L A1oBoo  A10Bos ) L A11B1o

8 multiplications of n/2 x n/2 matrices.
1 addition of n x n matrices.
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Representation of Submatrices

Row-major layout

If Ais an nxn submatrix of an
underlying matrix M with row J
size ny, then the (i,7) A T
element of AisA[nyi + J].

Note: The dimension n does H v
not enter into the calculation, << n —>
although It does matter for

bounds checking of 1 and j.
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Divide-and-Conquer Matrices

«—— n/2 ><€ n/2 —
T Aoo Ao Agg = A
n/2 AO] :A+(n/2)
Ao =A+ ny(n/2)
i A A Ay = A+ (ny+1)(n/2)
n/2 In general, for r, ¢ € {0,1} we
l have A.. = A + (rny+c)(n/2)

€~ .- nM e —>
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n)
{// C+=A *B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {
Iim=basSie(C ,- ik CMAL - N ALY B ,- JIEB YRGS
} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n_D n
#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))
cilk scope {

cilk_spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n B, n/2);
cilk_spawn mm_dac(X(C,0,1), n C, X(A,0,0), n_A, X(B,0,1), n B, n/2);
cilk_spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n B, n/2);
cilk_spawn mm_dac(X(C,1,1), n C, X(A,1,0), n_A, X(B,0,1), n B, n/2);
cilk_spawn mm_dac(X(D,0,0), n D, X(A,0,1), n_A, X(B,1,0), n_ B, n/2);
@11k aspawn® mm™da@( X (B0 1 )% T=Dre X (A5E] 197" .0 A< (B, 24 1) 'na BS 1IN/ 2.,
Gl e spawn gmmdda e D 0 ) 5 IndD. AR, ], kA% T X(BEIRE) ", " In LBEN N2k
cilk_spawn mm_dac(X(D,1,1), n_D, X(A,1,1), n_A, X(B,1,1), n_B, n/2);

}

m.sadd@es gn=C RN, - N DI

free(D);

J MY
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n)
{// C+=A *B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {
mm_base(C, n.C, A, n.A, B, n_ B, n);
} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n_D n
#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))
cilk scope {

~

The compiler can
assume that the input
matrices are not
aliased. y

cilk_spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n B, n/2);
cilk _spawn mm_dac(X(C,0,1), n C, X(A,0,0), n_A, X(B,0,1), n B, n/2);
cilk_spawn mm_dac(X(C,1,0), n C, X(A,1,0), n_A, X(B,0,0), n B, n/2);
calilla s pawive mmda cRACS L, 198~ NGy DG0A 1,005 NPl XG(BE05.1. ) Fan-.Bsei A250
it ke'spawn, mmadaa(X (D', 8510 )., by, W Ay 0 41F) . nehs. XEBML, 0), N=Bsgn¥2)%s
€11k spawn’ mm™=dae( X DO 51 ) an-DAWX(ANEL 19 .n "ASESC(B., 1% 1) “"na B 1INy 22,
il l-spawn Enimada X AP, 0 ) 5 IndD., WX (Al ), Kn_A% " X(BE1%0) , . h LB nY2)k
E1 RS SoTinaiinaedac ( eD 19 ) S NSRS X AT T Y. i JAss X CBREL . I8k Beosil J9E:

}
mzadd(CEgnRC W, - DI TnDE

free(D);
it
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D&C Matrix Multiplication

int n)
{// C+=A *B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {

} else {

assert(D != NULL);
#define n D n
#define X(M,r,c)
cilk scope {
cilk_spawn
cilk_spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
}
m.sadd@es gn=C RN, - N DI
free(D);

mm_dac(X(C,0,0),
mm_dac(X(C,0,1),
mm_dac(X(C,1,0),
mm_dac(X(C,1,1),
mm_dac(X(D,0,0),
mm_dac(X(D,0,1),
mm_dac(X(D,1,0),
mm_dac(X(D,1,1),

S}

n

= 2 2 =2 2 o 2

Iim=basSie(C ,- ik CMAL - N ALY B ,- JIEB YRGS

_G
_G
G
G
_D,
_D,
_D,
_D,

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,

The row sizes of the
underlying matrices.

double *D = malloc(n * n * sizeof(*D));

(M + (r*(n_## M) + c)*(n/2))

X(A)@JG)J
X(A)e)@))
X(AJl)@))
X(AJl)e))
X(AJeJl)J

2 =2 0 3 5

_A,
_A,
_A,
_A,
_A,

X(AJe)l)’ n_A)
X(A)lJl)J n_A)
X(A,1,1), n_A,

X(BJe)e))
X(B)e)l)J
X(B)e’@)’
X(B)@)l))
X(BJlJ@))
X(BJl)l))
X(BJl)e)J
X(B,1,1),

S N R B =) v By e

e |
W W wWwwwww®m

-

-

-

-

-

-

-

-

2%
/s
A2 )
n/2);
n/2);
WE23)
N2 )%
n/2);
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,

s

int n)

{// C+=A*B The three input
assert((n & (-n)) == n);

1.F (n <= THRESHOLD) { matﬂces are n >< n
Iim=basSie(C ,- ik CMAL - N ALY B ,- JIEB YRGS
} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n_D n
#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))
cilk scope {

cilk_spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n B, n/2);
cilk_spawn mm_dac(X(C,0,1), n C, X(A,0,0), n_A, X(B,0,1), n B, n/2);
cilk_spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n B, n/2);
cilk_spawn mm_dac(X(C,1,1), n C, X(A,1,0), n_A, X(B,0,1), n B, n/2);
cilk_spawn mm_dac(X(D,0,0), n D, X(A,0,1), n_A, X(B,1,0), n_ B, n/2);
@11k aspawn® mm™da@( X (B0 1 )% T=Dre X (A5E] 197" .0 A< (B, 24 1) 'na BS 1IN/ 2.,
Gl e spawn gmmdda e D 0 ) 5 IndD. AR, ], kA% T X(BEIRE) ", " In LBEN N2k
cilk_spawn mm_dac(X(D,1,1), n D, X(A,1,1), n_A, X(B,1,1), n B, n/2);

}

m.sadd@es gn=C RN, - N DI

free(D);

S}
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D&C Matrix Multiplication

int n)
{// C+=A *B

void mm_dac(double *restrict C, int n_C,

double *restrict A, int n_A,
double *restrict B, int n_B,

assert((n & (-n)) == n);
if (n <= THRESHOLD) {

} else {

assert(D != NULL);
#define n D n
#define X(M,r,c)
cilk scope {
cilk_spawn
cilk_spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
}
m.sadd@es gn=C RN, - N DI
free(D);

mm_dac(X(C,0,0),
mm_dac(X(C,0,1),
mm_dac(X(C,1,0),
mm_dac(X(C,1,1),
mm_dac(X(D,0,0),
mm_dac(X(D,0,1),
mm_dac(X(D,1,0),
mm_dac(X(D,1,1),

S}

n

= 2 2 =2 2 o 2

Iim=basSie(C ,- ik CMAL - N ALY B ,- JIEB YRGS

_G
_G
G
G
_D,
_D,
_D,
_D,

AB to matrix C

The function adds
the matrix product

~

double *D = malloc(n * n * sizeof(*D));

(M + (r*(n_## M) + c)*(n/2))

X(A)@JG)J
X(A)e)@))
X(AJl)@))
X(AJl)e))
X(AJeJl)J

2 =2 0 3 5

_A,
_A,
_A,
_A,
_A,

X(AJe)l)’ n_A)
X(A)lJl)J n_A)
X(A,1,1), n_A,

X(BJe)e))
X(B)e)l)J
X(B)e’@)’
X(B)@)l))
X(BJlJ@))
X(BJl)l))
X(BJl)e)J
X(B,1,1),

S N R B =) v By e

e |
W W wWwwwww®m

-

-

-

-

-

-

-

-

2%
/s
A2 )
n/2);
n/2);
WE23)
N2 )%
n/2);
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B, .
AR 5 (Assert that nis a
{// C+=A *B
assert((n & (-n)) == n); \power Of 2
if (n <= THRESHOLD) {
Iim=basSie(C ,- ik CMAL - N ALY B ,- JIEB YRGS
} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n D n
#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))
cilk scope {
cilk_spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n B, n/2);
cilk_spawn mm_dac(X(C,0,1), n C, X(A,0,0), n_A, X(B,0,1), n B, n/2);
cilk_spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n B, n/2);
cilk_spawn mm_dac(X(C,1,1), n C, X(A,1,0), n_A, X(B,0,1), n B, n/2);
cilk_spawn mm_dac(X(D,0,0), n D, X(A,0,1), n_A, X(B,1,0), n_ B, n/2);
@11k aspawn® mm™da@( X (B0 1 )% T=Dre X (A5E] 197" .0 A< (B, 24 1) 'na BS 1IN/ 2.,
Gl e spawn gmmdda e D 0 ) 5 IndD. AR, ], kA% T X(BEIRE) ", " In LBEN N2k
cilk_spawn mm_dac(X(D,1,1), n D, X(A,1,1), n_A, X(B,1,1), n B, n/2);
}
m.sadd@es gn=C RN, - N DI
free(D);
J MY
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D&C Matrix Multiplication

int n)
{// C+=A *B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {
mm_base(C, n.C, A, n.A, B, n_ B, n);
} else {

assert(D != NULL);
#define n_D n
#define X(M,r,c)
cilk scope {
cilk_spawn
cilk_spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
}
m_saddes gn=CHRM, - NuDINM):
free(D);

mm_dac(X(C,0,0), n
mm_dac(X(C,0,1),
mm_dac(X(C,1,0),
mm_dac(X(C,1,1),
mm_dac(X(D,0,0),
mm_dac(X(D,0,1),
mm_dac(X(D,1,0),

@
_G
Co
)
_D,
_D,
_D,
mm_dac(X(D,1,1), n_D,

= 2 2 =2 2 o 2

S}

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,

overhead.

Coarsen the |leaves of the
recursion to lower the

~

A

double *D = malloc(n * n * sizeof(*D));

(M + (r*(n_## M) + c)*(n/2))

X(A)eJe) J
X(A)@)@) J
X(AJ 1.’@) J
X(AJ 1)6) J
X(A.’e.’ 1))

2 =2 0 3 5

_A,
_A,
_A,
_A,
_A,

X(A.)e)l)) n_A)
X(A)l.!l).! n_A)
X(A,1,1), n_A,

X(BJe)e).’
X(B)e)l).’
X(B)e’@)’
X(B)@)l))
X(BJl.’@).’
X(BJl)l))
X(BJl)e)J
X(B,1,1),

S N R B =) v By e

e |
W W wWwwwww®m

-

-

-

-

-

-

-

-

2%
/s
A2 )
n/2);
n/2);
WE23)
N2 )%
n/2);
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D&C Matrix M

ultiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n)
1 [L8C k=0 Art B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {
mm_base(C, n.C, A, n.A, B, n_ B, n);
} else {
double *D = malloc(n * n * sizeof(*D));

Coarsen the |leaves of the
recursion to lower the
overhead.

~

A
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#deéi:e;téDn!_ LS void mm_base(double *restrict C, int A
#define X(M,r,c) (M + (i double *restrict A, int A
cilk_scope { double *restrict B, int %
cilk_spawn mm_dac intm
cilk_spawn mm_dac{ { // C += A * B
cilk_spawn mm_dac|  for (int i = @; i < n; ++i) {
B Tor (it =795 J.<n; )
cilk_spawn S for (int k = 0; k < n; ++k) {
cilk:spawn mm:dac C [ *rmCE G ks WA [ ST ACHTS e 5 BeE 0™ B g S
cilk _spawn mm_dac }
} }
m_add(C, n_C, D, n_} }
free(D); }
ik

B




D&C Matrix Multiplication

int n)
{// C+=A *B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {

} else {

assert(D != NULL);
#define n_D n
#define X(M,r,c)
cilk scope {
cilk_spawn
cilk_spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
}
. s dd@Cs gN=C RN, - N DTN
free(D);

mm_dac(X(C,0,0),
mm_dac(X(C,0,1),
mm_dac(X(C,1,0),
mm_dac(X(C,1,1),
mm_dac(X(D,0,0),
mm_dac(X(D,0,1),
mm_dac(X(D,1,0),
mm_dac(X(D,1,1),

S}

void mm_dac(double *restrict C, int
double *restrict A, int
double *restrict B, int

mm_base(C, n.C, A, n_ A, B, n_B,

mfiml =Wl =i ool o

-
wlshlc ok aliale) o]

n);

Ul O
n_A,
nyee

)

-

-

-

-

-

-

-

double *D = malloc(n * n * sizeof(*D));

(M + (r*(n_## M) + c)*(n/2))

X(A,@,@) J
X(A)e)@) J
X(AJ 1.’@) J
X(AJ 1)6) J
X(A.’e.’ 1))
X(A)e) 1) J
X(A)l.’l) J

n
n
n
n
n
n

n

_A,
_A,
_A,
_A,
_A,
_A,
_A,

X(AJl.’l)) n_AJ

~
Allocate a
temporary
nXn array D
yv
X.( BSIOA0T) aBriFnY 2%
XICESORI)., “TIREB., ¥ 11 /0285
VAL 2 e (T8 T g s
X(BE 0, 1 528Nt Bl 205
XEBSEL S Q)0 NaBoga 2%
(B, I s T L BSVINA 22,
XBRI%2) " ™ I LB N2 K
XTBE , ™% _Jil B, .0/28
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,

int n)
0 TG = s AR
assert((n & (-n)) == n);

double *D = malloc(n * n *
assert(D != NULL):

size n

The temporary

if (n <= THRESHOLD) { array D has
Iim=basSie(C ,- ik CMAL - N ALY B ,- JIEB YRGS .
} else { underlying row

~

/

#define n D n
#define X(M,r,c)
cilk scope {

(M + (r*(n_## M) + c)*(n/2))

cilk_spawn mm_dac(X(C,0,0), n C, X(A,0,0), n_A,
cilk_spawn mm_dac(X(C,0,1), n C, X(A,0,0), n_A,
cilk_spawn mm_dac(X(C,1,0), n C, X(A,1,0), n_A,
calls s patie mmAda GEXGC, 1, THs s NNES K0A 41,008 'n_ Ay,
cilk_spawn mm_dac(X(D,0,0), n D, X(A,0,1), n_A,
¢llkwspawn’ mm*dae( X (Do 1) =DyeX (A58, 195" . "A}
Gl ke spawn smnidacExX'(Dis, ©) 5 indD. (A datl ), R A
cilk_spawn mm_dac(X(D,1,1), n D, X(A,1,1), n_A,

}

. s dd@Cs gN=C RN, - N DTN

free(D);

S}

X(BJe)e).’
X(B)e)l).’
X(B)e’@)’
X(B)@)l))
X(BJl.’@).’
X(BJl)l))
X(BJl)e)J
X(B,1,1),

S N R B =) v By e

e |
W W wWwwwww®m

-

-

-

-

-

-

-

-

2%
/s
A2 )
n/2);
n/2);
WE23)
N2 )%
n/2);
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n
double *restrict A, int n
double *restrict B, int n_B,
int n)
{// C+=A *B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {
mm_base(C, n.C, A, n_ A, B, n_B,
} else {
double *D = malloc(n *
assert(D != NULL):
#define n D n
#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))
cilk scope {
cilk_spawn mm_dac(X(C,0,0),

X(A)GJG)J n_A.’

A clever macro

to compute

iIndices of

submatrices.

X(B,0,0), n_B

J
J

J

})
b
b
]

cilk_spawn mm_dac(X(C,0,1), n_C, _A, X(B,0,1), n_B
cilk_spawn mm_dac(X(C,1,0), n_C, WA, RS (B 00y Ban-aB
cilk_spawn mm_dac(X(C,1,1), n_C, s X(BRO- . 1 )T 25N B
cilk_spawn mm_dac(X(D,0,0), n_D,
cilk_spawn mm_dac(X(D,0,1), n_D, X({ The C
cilk_spawn mm_dac(X(D,1,0), n_D, X( ,
cilk_spawn mm_dac(X(D,1,1), n_D, X(| Preprocessor s
} .
msaddWes grRCRA, - NuD¥MA; tOken_paStlng
LRk operator.
} ) \.9P ' .

2%
/s
A2 )
n/2);
n/2);
WE23)
N2 )%
n/2);
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A, ‘\\

double *restrict B, int n_B, Perform the 8

TR = i L multiplications of |
S il D) el (n/2) X (n/2) submatrices

if (n <= THRESHOLD) { _ _
mn_base(C, n_C, A, n_A, B, nB, n); | recursively in parallel. y
} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n_D n
#define X(M,r,c) (M + (r*(n_ ## M) + )%
cilk scope {

cilk_spawn mm_dac(X(C,0,0), n C, X(A,0,0), n_A, X(B,0,0), n B, n/2);
cilk_spawn mm_dac(X(C,0,1), n C, X(A,0,0), n_A, X(B,0,1), n B, n/2);
cilk_spawn mm_dac(X(C,1,0), n C, X(A,1,0), n_A, X(B,0,0), n B, n/2);
cilk_spawn mm_dac(X(C,1,1), n C, X(A,1,0), n_A, X(B,0,1), n B, n/2);
cilk _spawn mm_dac(X(D,0,0), n D, X(A,0,1), n_ A, X(B,1,0), n B, n/2);
cilk _spawn mm_dac(X(D,9,1), n D, X(A,0,1), n_A, X(B,1,1), n B, n/2);
cilk_spawn mm_dac(X(D,1,0), n D, X(A,1,1), n_A, X(B,1,0), n B, n/2);
cilk _spawn mm_dac(X(D,1,1), n_D, X(A,1,1), n_A, X(B,1,1), n_B, n/2);

}
. s dd@Cs gN=C RN, - N DTN

free(D);
JMY

© 2008-2022 by the MIT 6.106/6.172 Lecturers




D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n)
{// C+=A *B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {
Iim=basSie(C ,- ik CMAL - N ALY B ,- JIEB YRGS
} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n_D n
#define X(M,r,c) (M + (r*(n_ ## M) + c)*
cilk scope {

S}

a

Wait for all spawned
subcomputations to
complete.

~

cilk_spawn mm_dac(X(C,9,0) UAEO), 0 sdissX ( BS1050") , sinuBE Iy 2 )%
cilk_spawn mm_dac(X(C,@ AL G0, i AR PXCESORAN), “TIREB. W /28
cilk_spawn FRCORRX (AT 18 O MNA  fDA(B 00N BB, M2 s
cilk _spawn NG 9GEA ¥1.,.008% n As (B, 6., 1 JERaN: Bislil A2
cilk_spawn XD, 010 )., s, W As'O18) | "Nl KEBT SN,  NuBag W 2)%
Gl LK SPaND” M (DRO TN A D (2san 1y .o T peX (B Ay s n. B Vi)
mmadadEX @D ) 5 lndD. W4COA, el ), RNCA% N XCBE 150N ™ i EBIN N2 K
~Spawn mm_dac(X(D,1,1), n D, X(A,1,1), n_A, X(B,1,1), n B, n/2);
}
. s dd@Cs gN=C RN, - N DTN
free(D);
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,

int n) o N\
{// C+=A *B
K] e T AN [ o Add .the temporary
if (n <= THRESHOLD) { matrix D into the
Iim=basSie(C ,- ik CMAL - N ALY B ,- JIEB YRGS .
} else { output matrix C Y
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n D n
#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2
cilk scope {
cilk_spawn mm_dac(X(C,0,0), n_C, el ( BEI050) , snwBE IFy 2 )%
cilk_spawn mm_dac(X(C,0,1), n_ AR OXEETCIN)., “TIREB W /28
cilk_spawn mm_dac(X(C,1,0), n_ O ANA., TRA(BTOEN SaeniaBl,, ML 2 s
cilk_spawn mm_dac(X(C,1,1), n 1., G055 . As X(BE O, 1 Y ean- Bl 4201
cilk_spawn mm_dac(X(D,0,0), n By 0 k) ;. "Nl KEBNLS QR  NuBage 2%
cilk_spawn mm_dac(X(D,0,1), X (ARG LIS .0 AN NRC (B, I s Ny BS IRA 22,
cilk_spawn mm_dac(X(D,1,0) DGRl ), R NC AN GBI 180) ™ iIn EBIN N2 K
cilk_spawn mm_dac(X(D,1, 0D SSXEANT T N i A XCBRA 18 il B ]/ 288
}
m_add(C, n_C, D, n D, n);
free(D);

S}
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D&C Matrix Multiplication

int n)
1 [L8C k=0 Art B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {

} else {

assert(D != NULL);
#define n D n

mm_base(C, n.C, A, n.A, B, n_ B, n);

double *D = malloc(n * n * sizeof(*D)); /

void mm_dac(double *restrict C, int n C,
double *restrict A, int n_A,
double *restrict B, int n_B,

4 )
Add the temporary

matrix D into the
output matrix C

#define X(M,r,c) (M + (r*¥(n_ ## M) + c)*(n/2

cilk scope {
cilk_spawn mm_dac(X(C,9,¢
cilk_spawn mm_dac(X(C,9,]
cilk_spawn mm_dac(X(C,1,¢
cilk_spawn mm_dac(X(C,1,]
cilk_spawn mm_dac(X(D,9,¢{
cilk_spawn mm_dac(X(D,9,]
cilk_spawn mm_dac(X(D,1,¢
cilk_spawn mm_dac(X(D,1,]

} /

m_add(C, n_C, D, n D, n);

free(D);

Ju

void m_add (double *restrict C, int

double *restrict D, int

int n)
LT =)
i Kafoks (1Nt = 0l " <0k 4 ihied
ch TKAFOrsGinEs ], "Swo; dhedling 17 ). o

i

}

}

Gl i NG | =D aeD 5
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D&C Matrix Multiplication

{// C+=A *B

} else {

#define n D n
#define X(M,r,c)
cilk scope {
cilk_spawn
cilk_spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
}
m_add(C, n
free(D);

S}

void mm_dac(double *restrict C, int
double *restrict A, int
double *restrict B, int
int n)

assert((n & (-n)) == n);
if (n <= THRESHOLD) {
mm_base(C, n_C, A, n_A, B, n_B,

QS = 60

mm_dac(X(C,0,0),
mm_dac(X(C,0,1),
mm_dac(X(C,1,0)
mm_dac(X(C,1

double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);

## M) + c)*(

n—

n);

Ul O
n_A,
N, Be

,@,@),
(A)e)@))
X(AJl)@))
X(AJl)e))
X(AJeJl)J
X(A,0,1),
X(A,1,1),
XA 1M,

-

-

-

>r> > > >

I
-

Clean up, and
then return.

X(BJe)e))
X(B)e)l))
X(B)e’e)’
X(B)@)l))
X(BJl)e))
X(B)l)l))
X(BJl)e)J
, X(B,1,1),

-

-

-

-

-

-

= 2 = =2 |3 = =2 =
0 W W0 W W W o ®©
-

I
-

2%
/s
A2 )
n/2);
n/2);
WE23)
N2 )%
n/2);

© 2008-2022 by the MIT 6.106/6.172 Lecturers




0.9

PER ORDER OF 6.106

ANALYSIS OF DIVIDE-AND-CONQUER
MATRIX MULTIPLICATION
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Master-Method Cheat Sheet

Solve

T(n) =aT(n/b) + f(n),

wherea = 1 and b>1.

CASE 1: f(n) = O(n'°9%?2~¢) constant € > 0
= T(n) = ©(n'°92) .

CASE 2: f(n) = O(n'°%2 |gkn), constant k > 0
= T(n) = O(n'o%a |gk+In) .

CASE 3: f(n) = Q(n'°%a * &) constant € > 0 (and regularity condition)

= T(n) = O(f(n)) .

https://tinyurl.com/mm-cheat
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Analysis of Matrix Addition

void m_add (double *restrict C, int .
doubles*restrictsDiy int .
int n)
[ 0E +=4D
gifKafoRg (1Nt = 05l <0k 4 v
cllkaforstint =0; j < n; ++j) {
Ghi*neGRE 7. ] S=rDiEiEmeD -+
b
}
] 7
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Work of Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n)

L B

cilk scope {

cilk_spawn mm_dac(X(C,0,0),

cilk_spawn mm_dac(X(C,0,1),

LGRS, 080 )« A OGEBE 04D , <N B niE2DE
X(ASO', 0 SnTAN X (BHG.1 ) . BESn/ 2)E

-

cilk_spawn mm_dac(X(C,1,0),

cilk_spawn mm_dac(X(C,1,1),

cilk _spawn mm_dac(X(D,0,0),

cilk_spawn mm_dac(X(D,0,1),

cilk_spawn mm_dac(X(D,1,0),

cilk_spawn mm_dac(X(D,1,1),
}

X(A,1,0), n_A, 2/
X(A,1,0), n_A,

X(A,0,1), n_A, CASE 1
X(A)eJl)J n_A, nlogba — n|0928 — n3
X AT oA

Xi A ) ; S, f(ﬂ) — @(ﬂz)

-

-

= 2 = 2 ID SRESE S
o) o) Yol () () @ (™
>

I
-

-

-

n_addi'C R C, b, an' B nik
free(D);

e L

Work:  M,(n) = 8M,(n/Z4 A,(n) + O(1)
= 8M,(n/2) + O(n?)
= o(n’)
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Span of Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n)

L o

cilk scope {

o ghidlk” spawn- mmEdacEe(C#al 0 ), nEC, XA, 850) - h¥A, X(BJ05@) ; -n. B, n¥%2)5
EE cilk_spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n_B, n/2);
D) cilk_spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A,/*’ ™\
E cilk_spawn mm_dac(X(C,1,1), n_C, X(A,1,0), n_A, CASE 2
-— “< cilk _spawn mm_dac(X(D,0,0), n D, X(A,0,1), n_A,
('>E<3 cilk_spawn mm_dac(X(D,0,1), n_D, X(A,0,1), n_A, n|0gba — nlog21 — 1
E €1 TkSpawn” mn dat(X(D330,) ,¥n DE¥ X (A4, heAs
X, Gl lkesiBawn snngdac XDy 1) 55 D, XAy ) 5 Sl f(n) — @(nlogba |g1n)
/
}
M- ad @ CIh. C Sl N A
free(D);

e L

Span: Mgy(n) = M4(n/2) tz4,(n) + O(1)
= My (n/2) + O(lgn)
= O(lg?n)
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Parallelism of Matrix Multiply

Work: M,(n) = O(n3)
Span: Mg(n) = O(lg?n)

Parallelism:

= O(n%/1g?n)

For 1000 x 1000 matrices,
parallelism = (10%)3/10% = 10".
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Temporaries

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n)
{// C+=A *B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {
Iim=basSie(C ,- ik CMAL - N ALY B ,- JIEB YRGS
} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n D n
#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))
cilk scope {
cilk_spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n B, n/2);
cilk_spawn mm_dac(X(C,0,1), n C, X(A,0,0), n_A, X(B,0,1), n B, n/2);

higher performance, trade off some of
. IDEA the ample parallelism for less storage.

, L , )
@ Since minimizing storage tends to yield

}
. s dd@Cs gN=C RN, - N DTN
free(D);

S}

4
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How to Avoid the Temporary?

int n)
{// C+=A *B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {

} else {

assert(D != NULL);
#define n D n
#define X(M,r,c)
cilk scope {
cilk_spawn
cilk_spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
}
. s dd@Cs gN=C RN, - N DTN
free(D);

mm_dac(X(C,0,0),
mm_dac(X(C,0,1),
mm_dac(X(C,1,0),
mm_dac(X(C,1,1),
mm_dac(X(D,0,0),
mm_dac(X(D,0,1),
mm_dac(X(D,1,0),
mm_dac(X(D,1,1),

S}

void mm_dac(double *restrict C, int
double *restrict A, int
double *restrict B, int

mm_base(C, n.C, A, n_ A, B, n_B,

mfiml =Wl =i ool o

-
wlshlc ok aliale) o]

n);

Ul O
n_A,
nyee

)

-

-

-

-

-

-

-

double *D = malloc(n * n * sizeof(*D));

(M + (r*(n_## M) + c)*(n/2))

X(A)GJG)J
X(A)e)@))
X(AJl)@))
X(AJl)e))
X(AJeJl)J
X(A)e)l))
X(A)lJl)J
X(AJl)l))

n
n
n
n
n
n
n
n

_A,
_A,
_A,
_A,
_A,
_A,
_A,
_A,

X(BJe)e))
X(B)e)l))
X(B)e’e)’
X(B)@)l))
X(BJl)e))
X(B)l)l))
X(BJl)e)J
X(B,1,1),

S N R B =) v By e

e |
W W wWwwwww®m

-

-

-

-

-

-

-

-

2%
/s
A2 )
n/2);
n/2);
WE23)
N2 )%
n/2);
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No-Temp Matrix Multiplication

void mm_dac2(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,

int n)
{ MLl Er WA B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {
nm'_base(C M C,« AvlintAR_B S NfBE n);

Do 4 subproblems in
parallel-

} else {
#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))
cilk_scope {

cilk_spawn mm_dac2(X(C,0,0), n_C, X(A,0,0), n_A, X(B,9,0), n B, n/2);
cilk_spawn mm_dac2(X(C,0,1), n_C, X(A,0,0), n_A, X(B,9,1), n_ B, n/2);
cilk_spawn mm_dac2(X(C,1,0), n_C, X(A,1,0), n_A, X(B,9,0), n_ B, n/2);
cilk_spawn mm_dac2(X(C,1,1), n_C, X(A,1,0), n_A, X(B,9,1), n_B, n/2);

}

cilk_scope {

cilk_spawn mm_dac2(X(C,0,0), n_C, X(A,0,1), n_A, X(B,1,0), n_B, n/2);

cilk_spawn mm_dac2(X(C,0,1), n_C, X(A,0,1), n_A, X(B,1,1), n_B, n/2);

cilk_spawn mm_dac2(X(C,1,0), n_C, X(A,1,1), n_A, X(B,1,0), n_B, n/2);
n_C n_A n_B

cilk_spawn mm_dac2(X(C,1,1), n_C, X(A,1,1), n_A, X(B,1,1), n_B, n/2);
i 5

--and when they're
done, do the other 4.
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No-Temp Matrix Multiplication

void mm_dac2(double *restrict C, int n_C,

double *restrict A, int n_A, ™~
double *restrict B, int n_B,
int n) Reuse C
{ MLl Er WA B .
assert((n & (-n)) == n); \A/Itf]()tjt
if (n <= THRESHOLD) { :
nm'_base(C M C,« AvlintAR_B S NfBE n); raCIﬂg )

} else {
#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))
cilk_scope {

cilk_spawn mm_dac2(X(C,0,0), n_C, n_AWEK(B;9,0)EnuB} n/2Nk
cilk_spawn mm_dac2(X(C,0,1), n_C M05=X(B¥05 1), "By hi/2);
cilk_spawn mm_dac2(X(C,1,9), Affnd 10 A OB NN & N LB a2,k
cilk_spawn mm_dac2(X(C,1,1) X AN s HAL® X(BY, 0, 9% niaB T on42)

}

cilk_scope {
cilk_spawn mm_dac2(X(C,0,0), n_C, X(A,0,1), n_A, X(B,1,0), n_B, n/2);
cilk_spawn mm_dac2(X(C,0,1), n_C, X(A,0,1), n_A, X(B,1,1), n_B, n/2);
cilk_spawn mm_dac2(X(C,1,0), n_C, X(A,1,1), n_A, X(B,1,0), n_B, n/2);
c1 Melispawn “mns dacACK (I 1), 26~ X(Asd ¥ N A7 B, 1'5le) , *naB ;-n/2 )5

i 5

Saves space, but at what expense?
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Work of No-Temp Multiply

void mm_dac2(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n)
{ ML C R WARE B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {
nm'_base(C M C,« AvlintAR_B S NfBE n);
} else {
#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))
cilk_scope {

cilk_spawn mm_dac2(X(C,0,0), n_C, X(A,0,0), n_A, X(B,9,0), n_ B, n/2);
ci ks Spawn-mm_dac2(X(Csdy1)s ne C; X (A0, % nA;=X(By0, 1), “niBs n/2);
cilk_spawn mm_dac2(X(C,1,0), n_C, X(A,1,0), n_A, X(B,9,0), n_ B, n/2);
e k= s pawntmm 'dacZ(XC 71, THLnT Cop X(A R0 s NRAL® X(B 0,499 niaB T anA2) ;

}

cilk_scope { //7
cilk_spawn mm_dac2(X(C,0,0), n_C, X(A,0,1), n_A, X(§ CASE 1
cilk_spawn mm_dac2(X(C,0,1), n_C, X(A,0,1), n_A, X(§
cilk_spawn mm_dac2(X(C,1,0), n_C, X(A,1,1), n_A, X(H nlogba — n|0928 — n3
cilk_spawn mm_dac2(X(C,1,1), n_C, X(A,1,1), n_A, X(§

1) f(n) = O()

Work:  My(n)

|
@0
<
H
—~
)
N~
N
~
_|._
©)
—~
—
~
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Max

Max

Span of No-Temp Multiply

void mm_dac2(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n)
{ MLl Er WA B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {
nm'_base(C M C,« AvlintAR_B S NfBE n);
} else {
#define X(M,r,c) (M + (r*(n_ ## M) + c)*(n/2))
cilk_scope {
cilk_spawn mm_dac2(X(C,0,0), n_C, X(A,0,0), n_A neBly /2N
ci ks Spawn-mm_dac2(X(Csdy1)s ne C; X (A0, % nA;=X(By0, 1), “niBs n/2);
cilk_spawn mm_dac2(X(C,1,0), n_C, X(A,1,0), n_A [T B A2
e k= s pawntmm 'dacZ(XC 71, THLnT Cop X(A R0 s NRAL® X(B 0,499 niaB T anA2) ;

}

cilk_scope { //7
cilk_spawn mm_dac2(X(C,0,0), n_C, X(A,0,1), n_A, CASE 1
cilk_spawn mm_dac2(X(C,0,1), n_C, X(A,0,1), n_A,
cilk_spawn mm_dac2(X(C,1,0), n_C, X(A,1,1), n_A
cilk_spawn mm_dac2(X(C,1,1), n_C, X(A,1,1), n_A

e f(n) = ©(1)

Tz

2Mq(n/2) + ©(1)
= O(n)

Span: Mgy(n)
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Parallelism of No-Temp Multiply

Parallelism: = O(n?)

For 1000 x 1000 matrices,
parallelism = (103)2 = 10°.

Faster in practice!
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0.9

PER ORDER OF 6.106

PARALLEL MERGE SORT
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Merge Sort

void merge_sort(int *restrict A,
iR G
1REY EeestrICEL BY
{
assert(n > 0);
iy a==a1) -{
B[@] = A[@O]; return;
}
Tt %€ n];
merge_sort(A, n/2, C);
merge_sort(A+n/2, n-n/2, C+n/2);
merge(C, n/2, C+n/2, n-n/2, B);
:

// unsorted input array of Llength n
// # elements in A (and B)
// sorted output array of length n

// check that # elements 1is positive
// should coarsen the recursion
// 1-element array is sorted

// create a temporary array C

// sort the lLower half of A into C

// sort the upper half of A into C

// merge the two halves into B Z;;7

e C(Classic recursive algorithm for sorting.

e Not in place: requires auxiliary array.

e Asymptotically optimal running time for a
comparison sort: O(nlgn).
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Merge Sort

void merge_sort(int *restrict A,
int n,
int *restrict B)

assert(n > 0);
i a==a1) i
B[@] = A[@]; return;
}
Tt %€ n],;
merge_sort(A, n/2, C);
merge_sort(A+n/2, n-n/2, C+n/2);
merge(C, n/2, C+n/2, n-n/2, B);

// unsorted input array of Llength n
// # elements in A (and B)
// sorted output array of length n

// check that # elements is positive
// should coarsen the recursion
// 1-element array is sorted

// create a temporary array C
// sort the lower half of A into C
// sort the upper half of A into C
// merge the two halves 1into B

4
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Merge Sort

void merge_sort(int *restrict A,
it
int *restrict B)

assert(n > 0);
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}
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4
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Merge Sort

void merge_sort(int *restrict A,
it
int *restrict B)

assert(n > 0);
if (n == 1) {
B[@] = A[@O]; return;
}
1Tt %€ n];
merge_sort(A, n/2, C);
merge_sort(A+n/2, n-n/2, C+n/2);
merge(C, n/2, C+n/2, n-n/2, B);

// unsorted input array of Llength n
// # elements in A (and B)
// sorted output array of length n

// check that # elements 1is positive
// should coarsen the recursion
// 1-element array is sorted

// create a temporary array C
// sort the lLower half of A into C
// sort the upper half of A into C
// merge the two halves into B

4
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Merge Sort

void merge_sort(int *restrict A,
it
int *restrict B)

assert(n > 0);
i a==a1) |
B[@] = A[@O]; return;
}
int C[n];
merge_sort(A, n/2, C);
merge_sort(A+n/2, n-n/2, C+n/2);
merge(C, n/2, C+n/2, n-n/2, B);
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// sorted output array of length n

// check that # elements is positive
// should coarsen the recursion
// 1-element array is sorted

// create a temporary array C
// sort the lower half of A into C
// sort the upper half of A into C
// merge the two halves 1into B

4
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Merge Sort

void merge_sort(int *restrict A,
it
int *restrict B)

assert(n > 0);
i a==a1) |
B[@] = A[@O]; return;
}
It %€ n];
merge _sort(A, n/2, C);
merge_sort(A+n/2, n-n/2, C+n/2);
merge(C, n/2, C+n/2, n-n/2, B);

// unsorted input array of Llength n
// # elements in A (and B)
// sorted output array of length n

// check that # elements is positive
// should coarsen the recursion
// 1-element array is sorted

// create a temporary array C
// sort the Lower half of A into C
// sort the upper half of A into C
// merge the two halves 1into B

4
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Merge Sort

void merge_sort(int *restrict A,
it
int *restrict B)

assert(n > 0);
i a==a1) |
B[@] = A[@O]; return;
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merge_sort(A+n/2, n-n/2, C+n/2);
merge(C, n/2, C+n/2, n-n/2, B);
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// # elements in A (and B)
// sorted output array of length n

// check that # elements is positive
// should coarsen the recursion
// 1-element array is sorted

// create a temporary array C
// sort the lower half of A into C
// sort the upper half of A into C
// merge the two halves 1into B

4
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Merge Sort

void merge_sort(int *restrict A,
it
int *restrict B)

assert(n > 0);
i a==a1) |
B[@] = A[@O]; return;
}
It %€ n];
merge_sort(A, n/2, C);
merge_sort(A+n/2, n-n/2, C+n/2);
merge(C, n/2, C+n/2, n-n/2, B);

// unsorted input array of Llength n
// # elements in A (and B)
// sorted output array of length n

// check that # elements is positive
// should coarsen the recursion
// 1-element array is sorted

// create a temporary array C
// sort the lower half of A into C
// sort the upper half of A into C
// merge the two halves into B

4
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Merging Two Sorted Arrays

void merge(int *restrict A, int na,
e MR e s et By e nby,
int *restrict C) {
while (na > @ & nb > 09) {
b (& A B

*C++ = *A++; na--;
} else {

*C++ = *B++; nb--;
}

}
while (na > @) {

*C++ = *A++; na--;

}
while (nb > @) {

*C++ = *B++; nb--;

Time to merge n
elements = O(n)

}

} 4

C_
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How to Parallelize?

void merge_sort(int *restrict A, // unsorted input array
TALE A, // # elements in A (and B)
IR SpestrTEES BY) // sorted output array
{
assert(n > 0); // check # elements is positive
s Gaa==a1) -{ // should coarsen recursion
B[@] = A[@]; return; // l-element array is sorted
}
Tnt*enl; // create a temporary array C
// sort lower half of A into C
merge_sort(A+n/2, n-n/2, C+n/2); // sort upper half of A into C
merge(C, n/2, C+n/2, n-n/2, B); // merge the two halves into B
) 74
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Parallel Merge Sort

void p _merge sort(int *restrict A, // unsorted input array
Ui ey // # elements in A (and B)
int *restrict B) // sorted output array
{
assert(n > 0); // check # elements is positive
if (n == 1) { // should coarsen recursion
B[@] = A[@Q]; return; // 1-element array is sorted
}
TNt n; // create a temporary array C
cilk scope { - -
cilk_spawn p_merge sort(A, n/2, C); // SOPFC“YoWer half of A into C
p_merge_sort(A+n/2, n-n/2, C+n/2); // sosdli8ger half of A into C
} ' e =
merge(C, n/2, C+n/2, n-n/2, B); NS,
}

HOLY COW!
That was easy!
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Parallel Merge Sort

void p_merge sort(int *restrict A, // unsorted input array
Ui ey // # elements in A (and B)
int *restrict B) // sorted output array
{
assert(n > 0); // check # elements is positive
if (n == 1) { // should coarsen recursion
B[@] = A[@Q]; return; // 1-element array is sorted
}
TNt n; // create a temporary array C

cilk scope {
cilk_spawn p_merge sort(A, n/2, C); // sort lower half of A into C
p_merge _sort(A+n/2, n-n/2, C+n/2); // sort upper half of A into C

}
merge(C, n/2, C+n/2, n-n/2, B); // merge the two halves into BZ;;;7
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Parallel Merge Sort Animation

{ .

cilk scope {

¥
¥

i) e

void p _merge sort(int *restrict A, // unsorted input array

// # elements in A (and B)

int *restrict B) // sorted output array

cilk_spawn p_merge sort(A, n/2, C); // sort lower half of A into C
p_merge _sort(A+n/2, n-n/2, C+n/2); // sort upper half of A into C

merge(C, n/2, C+n/2, n-n/2, B); // merge the two halves into B L;;7

© 2008-2022 by the MIT 6.106/6.172 Lecturers

19 3

12 406 33 4 21 14




Parallel Merge Sort Animation

{ .

cilk scope {

¥
¥

i) e

void p_merge sort(int *restrict A,

int *restrict B)

cilk_spawn p_merge sort(A, n/2, C);
p_merge_sort(A+n/2, n-n/2, C+n/2);

merge(C, n/2, C+n/2, n-n/2, B);

// unsorted input array
// # elements in A (and B)
// sorted output array

// sort lower half of A into C
// sort upper half of A into C

// merge the two halves into B £;7
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Parallel Merge Sort Animation

{ .

cilk scope {

¥
¥

i) e

void p_merge sort(int *restrict A,

int *restrict B)

cilk_spawn p_merge sort(A, n/2, C);
p_merge_sort(A+n/2, n-n/2, C+n/2);

merge(C, n/2, C+n/2, n-n/2, B);

// unsorted input array
// # elements in A (and B)
// sorted output array

// sort lower half of A into C
// sort upper half of A into C

// merge the two halves into B £;7
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Parallel Merge Sort Animation

i) e
{

cilk scope {

int *restrict B)

void p_merge sort(int *restrict A,

cilk_spawn p_merge sort(A, n/2, C);
p_merge_sort(A+n/2, n-n/2, C+n/2);

// unsorted input array
// # elements in A (and B)
// sorted output array

// sort lower half of A into C
// sort upper half of A into C

} ;erge(c, n/2 ,WE+rn/2gWn=n/2,WB); // merge the two halves into B Z;;7
3 4 12 14 19 21 33 46
merge
3 12 19 46/|4 14 21 33
merge
3 1912 46/ /4 33 14 21
merge

19/ 3

12

46

33/ |4 | 21|14
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Work of Parallel Merge Sort

void p_merge sort(int *restrict A, // unsorted input array
Ui ey // # elements in A (and B)
int *restrict B) // sorted output array

{

assert(n > 0); // check # elements is positive

if (n == 1) { // should coarsen recursion
B[@] = A[@]; return; // 1l-element array is sorted

}

TNt n; // create a temporary array C

cilk scope {
cilk_spawn p_merge _sort(A, n/2, C); // sort lower half of A into C
p_merge _sort(A+n/2, n-n/2, C+n/2); // sort upper half of A into C

}
merge(C, n/2, C+n/2, n-n/2, B); // merge the two halves into BZ;;;7

Work: Ty(n) = 2T,(n/2) + O(n)

=0(nign) \ Cask 2 A
nlogba — nlog22 =n
f(n) = ©(n'°%3gon) y
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Span of Parallel Merge Sort

void p_merge sort(int *restrict A, // unsorted input array
Ui ey // # elements in A (and B)
int *restrict B) // sorted output array

{

assert(n > 0); // check # elements is positive
if (n == 1) { // should coarsen recursion
B[@] = A[OQ]; return; // 1l-element array is sorted
}
TNt n; // create a temporary array C
cilk scope {

?é cilk_spawn p_merge _sort(A, n/2, C); // sort lower half of A into C
- p_merge _sort(A+n/2, n-n/2, C+n/2); // sort upper half of A into C
}
merge(C, n/2, C+n/2, n-n/2, B); // merge the two halves into B ;;;7
}

Span: To(n) = Te(n/2) + O(N)

= O(n) CASE 3 A
nlogba — nlog21 =1
f(n) = O(n)
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Parallelism of Merge Sort

-

Work: T,(n) = 0O(nlgn)

Span: T,(n) = O(n) -

Parallelism: Tn) = O(Ilgn)
Tew(N)

We need to parallelize the merge!
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Parallel Merge

0 ma = na/2 na
A < A[ma] > A[ma]
Recursive Binary Search Recursive
p_merge p_merge
Bl < A[ma] > A[ma] na = nb
0 mb-1 mb nb

KEY IDEA: If the total number of elements to be
merged in the two arraysisn = na + nb, the total
number of elements in the larger of the two
recursive merges Is at most 3n/4.
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Parallel Merge

void p_merge(int *restrict A, int na,
Tt Srestriet By Ent. nh;
LTS G

b NE" 2 Hpled )
p_merge(B, nb, A, na, C); return;

}

if (na == @) return;

int ma = na/2;

int mb = binary search(A[ma], B, nb);

C[ma+mb] = A[ma];

cilk scope {
cilk _spawn p_merge(A, ma, B, mb, C);
p_merge(A+ma+l, na-ma-1, B+mb, nb-mb, C+ma+mb+1l);

¥

} 4
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Parallel Merge

void p_merge(int *restrict A, int na,
Tt Srestriet By Ent. nh;
LTS G

if (na < nb) {
p_merge(B, nb, A, na, C); return;

}

if (na == @) return;

int ma = na/2;

int mb = binary_search(A[ma], B, nb);

C[ma+mb] = A[ma];

cilk scope {
cilk _spawn p_merge(A, ma, B, mb, C);
p_merge(A+ma+l, na-ma-1, B+mb, nb-mb, C+ma+mb+1);

¥

} 4
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Parallel Merge

void p_merge(int *restrict A, int na,
Tt Srestriet By Ent. nh;
LTS G

b NE" 2 Hpled )
p_merge(B, nb, A, na, C); return;

}

if (na == @) return;

int ma = na/2;

int mb = binary search(A[ma], B, nb);

C[ma+mb] = A[ma];

cilk scope {
cilk _spawn p_merge(A, ma, B, mb, C);
p_merge(A+ma+l, na-ma-1, B+mb, nb-mb, C+ma+mb+1l);

¥

} 4
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Parallel Merge

void p_merge(int *restrict A, int na,
Tt Srestriet By Ent. nh;
LTS G

b NE" 2 Hpled )
p_merge(B, nb, A, na, C); return;

}

if (na == @) return;

int ma = na/2;

int mb = binary search(A[ma], B, nb);

C[ma+mb] = A[ma];

cilk scope {
cilk _spawn p_merge(A, ma, B, mb, C);
p_merge(A+ma+l, na-ma-1, B+mb, nb-mb, C+ma+mb+1);

¥

} 4
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Parallel Merge

void p _merge(int *restrict A, int na,
Tt Srestriet By Ent. nh;
LTS G

b NE" 2 Hpled )
p_merge(B, nb, A, na, C); return;
}
if (na == @) return;
int ma = na/2;
int mb = binary search(A[ma], B, nb);
C[ma+mb] = A[ma];
cilk scope {
cilk spawn p _merge(A, ma, B, mb, C);

}

¥

p_merge(A+ma+l, na-ma-1, B+mb, nb-mb, C+ma+mb+1);

4
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Work of Parallel Merge

void p _merge(int *restrict A, int na,
Tt Srestriet By Ent. nh;
LTS G

b NE" 2 Hpled )
p_merge(B, nb, A, na, C); return;

}

if (na == @) return;

int ma = na/2;

int mb = binary search(A[ma], B, nb);

C[ma+mb] = A[ma];

cilk scope {
cilk _spawn p _merge(A, ma, B, mb, C);
p_merge(A+ma+l, na-ma-1, B+mb, nb-mb, C+ma+mb+l);

¥

} 4

Is parallel merge asymptotically work efficient?
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Work Efficiency

Definition

e let T¢(n) be the running time of the best serial algorithm
on a given input of size n.

e Let T,(n) be the work of a parallel program (its running
time on 1 processor) on the same Input.

e The work overhead of the parallel program is the worst-
case ratio A(n) = T4(n)/Tg(n).

e We say that the parallel program is work efficient if T,(n)
=~ T<(n) and asymptotically work efficient if T,= O(Ts) .
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Work-First Principle

Suppose that the worst-case work overhead for a parallel
algorithm on a given inputis A = T,/T..
The WORK LAW says that
Tp = T,/P
= A-Ts/P.

Lessons

e [f Aislarge, we cannot get near-perfect linear speedup over the
good serial code no matter how many processors we run on.

e We waste processing power proportional to the work overhead.
e We must minimize work 7irst, ahead of maximizing parallelism, if
we want efficiency.
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Work of Parallel Merge

void p_merge(int *restrict A, int na,
I fpesthdet By &nt. nb;
LRSS G)
{
b NE" 2 Hpled )
p_merge(B, nb, A, na, C); return;
}
if (na == @) return;
int ma = na/2; f
int mb = binary search(A[ma], B, nb);\» //
C[ma+mb] = A[ma];
cilk scope {
cilk spawn p _merge(A, ma, B, mb
p_merge(A+ma+l, na-ma-1, B+mb -mb, C+ma+mb+1);
}
i 7

7

Work: Ty(n) = Ty(an) + T((1-o)n) + O(Ign),
where 1/4 = o < %
= 0O(n).
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Analysis of Work Recurrence

T,(n) = Ty(an) + T4((1-c)n) + O(lgn),
where 1/4 < o < 3/4.

Substitution method: Inductive hypothesis is T,(k) = ck — c,lgk,
where c;,¢c, > 0. Prove that the relation holds, and solve for ¢, and c..

T,(n)< c4(an)—c,lg(an) + c,(1-a)n — c,lg((1-o)n) + O(Ign)
= ¢,n — Cylg(an) — c,lg((1—a)n) + O(lgn)
= 0 - ¢y (Ig(a(l-0)) + 2 Ign ) + O(Ign)
= ¢ = Cylgn—(cy(lg n + Ig(a(1l-a))) — O(lgn))

< C;N —C,Ign

If we choose ¢, large enough for sufficiently large n. We then choose
c, large enough to handle the base cases. Hence, we have T,(n) =
O(n), and since T,(n) = Q(n) trivially, it follows that T,(n) = O(n).
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Span of Parallel Merge

void p _merge(int *restrict A, int na,
Tt Srestriet By Ent. nh;
LTS G

b NE" 2 Hpled )
p_merge(B, nb, A, na, C); return;

¥

if (na == @) return;

int ma = na/2; 4

int mb = binary_search(A[ma], B, n|l CASE 2

C|;ma+mb] = A[ma]; n'ogpd = nlodsssl = 1

cilk scope {
cilk_spawn p_merge(A, ma, B, mb, f(n) = C)Ongba|glr0
p_merge(A+ma+l, na-ma-1, B+mb, nb=

J

}
}

Span: Tg(Nn) T (3n/4) + O(Ign)

<
= O(lg*n)
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Parallelism of Parallel Merge

Work: T,(n) = O(n)
Span: To(n) = O(Ig?n)

Parallelism:
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Parallel Merge Sort (Version 2)

void p _merge sort2(int *restrict A, // unsorted input array
Ui ey // # elements in A (and B)
int *restrict B) // sorted output array
{
assert(n > 0); // check # elements is positive
if (n == 1) { // should coarsen recursion
B[@] = A[@Q]; return; // 1-element array is sorted
}
TNt n; // create a temporary array C
cilk_spawn p_merge sort2(A, n/2, C); 7 /wsort dewer=hal® of A%inte=C
p_merge _sort2(A+n/2, n-n/2, C+n/2); // sort upper half of A into C
cilk sync;
p_merge(C, n/2, C+n/2, n-n/2, B); // merge the two halves into B L;;7
}
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Work of Parallel Merge Sort

void p_merge sort2(int *restrict A, // unsorted input array
Ui ey // # elements in A (and B)
int *restrict B) // sorted output array
{
assert(n > 0); // check # elements is positive
if (n == 1) { // should coarsen recursion
B[@] = A[OQ]; return; // 1l-element array is sorted
}
TNt n; // create a temporary array” )

cilk_spawn p_merge sort2(A, n/2, C); /| CASE 2
p_merge sort2(A+n/2, n-n/2, C+n/2); /
cilk sync;

DLINETFZEl Coen /2 = G20 N2 S Bk /] T(n) = @(nlogba|g0n)

) =

nlogba — nlog22 =n

)

/

2T.(n/2) + O(n)
= O(nlgn)

Work: T,(n)

© 2008-2022 by the MIT 6.106/6.172 Lecturers



Span of Parallel Merge Sort

void p _merge sort2(int *restrict A,
i) e
int *restrict B)

B[@] = A[@Q]; return; // 1l-element
}
TNt n; // create a temporary
cilk_spawn p_merge sort2(A, n/2, C);
p_merge sort2(A+n/2, n-n/2, C+n/2);
cilk sync;
p_merge(C, n/2, C+n/2, n-n/2, B);

// unsorted input array
// # elements in A (and B)
// sorted output array

assert(n > 0); // check # elements is positive
if (n == 1) { // should coarsen recursion

array is sorted

ar‘r‘av/
/| CASE 2

/1 nlogba — nlog21 =1

/1 f(n) = ©(n'°%?2 |g?n)

)

-

Span: To(n) =
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Parallelism of Parallel Merge Sort

Work: T,(n) = O(nlgn)
Span: To(n) = O(g3n)

Parallelism:
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