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0.9

PER ORDER OF SPE

MATRIX MULTIPLICATION
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Square-Matrix Multiplication
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Assume for simplicity that n = 2¥.



Parallelizing Matrix Multiply

cilk_for (int i=0; i<n; ++i) {
€ MLk " For (i tiR] =05 g <mes St7°) "1
for (int k=0; k<n; ++k)
sl S Al =S B TR

}
) 7

Work: T,(n) = ©(n3)
Span: Te(n) = ©(n)
Parallelism: T;(n)/T»(N) = ©(n?)

For 1000 x 1000 matrices, parallelism = (10%)? = 10°,
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Recursive Matrix Multiplication

Divide and conquer — uses cache more efficiently, as we'll see later this term

Coo  Coa Ao Aoz Boo  Bos
G0 Gy Ao A _ B Bix
AooBoo  AooBoz AoiBio  AoiBia
= +
_ A1oBoo  A1oBor | . AuBio AuBig

8 multiplications of n/2 x n/2 matrices.
1 addition of n x n matrices.
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Representation of Submatrices

Row-major layout M

If Ais an nxn submatrix of an .
underlying matrix M with row size ny, J

then the (i,7j) element of Ais A T
Alnyi + j]. N

Note: The dimension n does not
enter into the calculation
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Divide-and-Conquer Matrices

«— n/2 >< n/2 —
A A
T 00 01 Aoo — A
n/2 Ay = A+ (n/2)
Ao = A+ ny(n/2)
{ A A, Ay = A+ (ny+1)(n/2)
&
n/2 In general, for r, ¢ € {0,1}, we have
l A..=A+ (rny+c)n/2)

«— nM SRR
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n)
B RG S = AW B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {
mm_base(C, n.C, A, n_A, B, n_ B, n);
} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n. D n
#define X(M,row,col) (M + (row*(n_ ## M) + col)*(n/2))
cilk scope {

cilk spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n B, n/2);
cilk spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n B, n/2);
cilk _spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n B, n/2);
cilk spawn mm_dac(X(C,1,1), n_C, X(A,1,0), n_A, X(B,0,1), n B, n/2);
cilk _spawn mm_dac(X(D,0,0), n_D, X(A,0,1), n_A, X(B,1,0), n B, n/2);
@i 1k wspawn® nm da@( X (Do 415 = DEeX (Asd5 1)75F .0 "AT X (B, s L) 5 'n. BS Tiny2),;
qill kspawn gmmida c(X (D 0.) 5 104D, WAl )., RnL A% " X(OBE1A) ;™ I AR Ny2 Vi
cilk spawn mm_dac(X(D,1,1), n_D, X(A,1,1), n_A, X(B,1,1), n B, n/2);

}

msaddters gn=CRm, - - nwDY i)

free(D);

it
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n)
{ // C+= A* B
assert((n & (-n))
if (n <= THRESHOLD) {
mm_base(C, n.C, A, n_A, B, n_ B, n);
} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n. D n
#define X(M,row,col) (M + (row*(n_ ## M) + col)*(n/2))
cilk scope {

The compiler can
assume that the input
matrices are not aliased

n);

it

cilk spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n A, X(B,0,0), n B, n/2);
cilk spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n B, n/2);
cilk spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n B, n/2);
c¥like 'spawhsmm dacOG6C;: 1., 158 * N NG: %K(A, 1, 0058 N Ape' XM(BO,, 1) S _Biseh A2,)k:
cilk _spawn mm_dac(X(D,0,0), n_D, X(A,0,1), n_A, X(B,1,0), n B, n/2);
@i 1k “spawn® mm™daE( X{DHNa 11 )% =" DX (A5185 1) " Ja AKX (B, 18 1) 8 'na B’ X Iny2),;
cilk spawn mm_dac(X(D,1,0), n_ D, X(A,1,1), n_A, X(B,1,0), n B, n/2);
cilk spawn mm_dac(X(D,1,1), n_D, X(A,1,1), n_A, X(B,1,1), n B, n/2);

}

m_add(C, n_C,

free(D);

- e DY i)
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n)

{// C+=A * B

assert((n & (-n)) == n); :
if (n <= THRESHOLD) { The row sizes of the

mm_base(C, n_C, A, n_A, B, n_B, n); underlying matrices

} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n. D n
#define X(M,row,col) (M + (row*(n_ ## M) + col)*(n/2))
cilk scope {

cilk spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n B, n/2);
cilk spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n B, n/2);
cilk _spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n B, n/2);
cilk spawn mm_dac(X(C,1,1), n_C, X(A,1,0), n_A, X(B,0,1), n B, n/2);
cilk _spawn mm_dac(X(D,0,0), n_D, X(A,0,1), n_A, X(B,1,0), n B, n/2);
@i 1k wspawn® nm da@( X (Do 415 = DEeX (Asd5 1)75F .0 "AT X (B, s L) 5 'n. BS Tiny2),;
qill kspawn gmmida c(X (D 0.) 5 104D, WAl )., RnL A% " X(OBE1A) ;™ I AR Ny2 Vi
cilk spawn mm_dac(X(D,1,1), n_D, X(A,1,1), n_A, X(B,1,1), n B, n/2);

}

msaddters gn=CRm, - - nwDY i)

free(D);

iy
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n) 4

{// C+=A*B The three input
assert((n & (-n)) == n);

if (n <= THRESHOLD) { matrices are n xn
mm_base(C, n.C, A, n_A, B, n_ B, n);
} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n. D n
#define X(M,row,col) (M + (row*(n_ ## M) + col)*(n/2))
cilk scope {

cilk spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n B, n/2);
cilk spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n B, n/2);
cilk _spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n B, n/2);
cilk spawn mm_dac(X(C,1,1), n_C, X(A,1,0), n_A, X(B,0,1), n B, n/2);
cilk _spawn mm_dac(X(D,0,0), n_D, X(A,0,1), n_A, X(B,1,0), n B, n/2);
@i 1k wspawn® nm da@( X (Do 415 = DEeX (Asd5 1)75F .0 "AT X (B, s L) 5 'n. BS Tiny2),;
qill kspawn gmmida c(X (D 0.) 5 104D, WAl )., RnL A% " X(OBE1A) ;™ I AR Ny2 Vi
cilk spawn mm_dac(X(D,1,1), n_D, X(A,1,1), n_A, X(B,1,1), n B, n/2);

}

msaddters gn=CRm, - - nwDY i)

free(D);

iy
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D&C Matrix Multiplication

int n)
{// C+=A * B

void mm_dac(double *restrict C, int n_C,

double *restrict A, int n_A,
double *restrict B, int n_B,

assert((n & (-n)) == n);
if (n <= THRESHOLD) {

} else {

assert(D != NULL);
#define n. D n

cilk scope {
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn

}

n sadd{Cs gMuC R, - Ny DY)

free(D);

mm_dac(X(C,0,0),
mm_dac(X(C,0,1),
mm_dac(X(C,1,0),
mm_dac(X(C,1,1),
mm_dac(X(D,9,0),
mm_dac(X(D,0,1),
mm_dac(X(D,1,0),
mm_dac(X(D,1,1),

iy

==l B = o 2 2

OO COCOnNnNDnNnNO N

mm_base(C, n.C, A, n_A, B, n_ B, n);

-

-

-

-

-

-

-

-

AB to matrix C.

The function adds
the matrix product

~

double *D = malloc(n * n * sizeof(*D));

#define X(M,row,col) (M + (row*(n_ ## M) + col)*(n/2))

A
A
A
A,
A
A
A

X(A)l)l).’ n_ J
X(A)l)l)J n_AJ

B
B
B
B,
B
B
B

X(B)l.’e)) n_ J
X(B)lJl)J n_B)

. 2%
n/2);
2y
n/2);
n/2);
n/2);
/2%
n/2);
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,

double *restrict A, int n_A,
double *restrict B, int n_B,
int n)
B RG S = AW B
assert((n & (-n)) == n);

Assert that n Is
a power of 2.

if (n <= THRESHOLD) {
mm_base(C, n.C, A, n_A, B, n_ B, n);
} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n. D n
#define X(M,row,col) (M + (row*(n_ ## M) + col)*(n/2))
cilk scope {

cilk spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n B, n/2);
cilk spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n B, n/2);
cilk _spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n B, n/2);
cilk spawn mm_dac(X(C,1,1), n_C, X(A,1,0), n_A, X(B,0,1), n B, n/2);
cilk _spawn mm_dac(X(D,0,0), n_D, X(A,0,1), n_A, X(B,1,0), n B, n/2);
@i 1k wspawn® nm da@( X (Do 415 = DEeX (Asd5 1)75F .0 "AT X (B, s L) 5 'n. BS Tiny2),;
qill kspawn gmmida c(X (D 0.) 5 104D, WAl )., RnL A% " X(OBE1A) ;™ I AR Ny2 Vi
cilk spawn mm_dac(X(D,1,1), n_D, X(A,1,1), n_A, X(B,1,1), n B, n/2);

}

msaddters gn=CRm, - - nwDY i)

free(D);

iy
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D&C Matrix Multiplication

int n)
{ //£°C += A+* B
assert((n & (-n))
if (n <= THRESHOLD) {

n);

} else {

assert(D != NULL);
#define n. D n

cilk scope {
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn
cilk spawn

mm_dac(X(C,0,0),
mm_dac(X(C,0,1),
mm_dac(X(C,1,0),
mm_dac(X(C,1,1),
mm_dac(X(D,9,0),
mm_dac(X(D,0,1),
mm_dac(X(D,1,0),
mm_dac(X(D,1,1),
}
msaddters gn=CRm, - - nwDY i)
free(D);
it

==l B = o 2 2

OO COCOnNnNDnNnNO N

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,

mm_base(C, n.C, A, n_.A, B, n_ B, n);

-

-

-

-

-

-

-

-

overhead.

Coarsen the |leaves of the
recursion to lower the

~

A

double *D = malloc(n * n * sizeof(*D));

#define X(M,row,col) (M + (row*(n_ ## M) + col)*(n/2))

X(AJ@)l)J n_AJ
X(A)@)l)) n_A)
X(A)l)l).’ n_A.’
X(A)l)l)J n_AJ

X(BJlJe) J
X(B)l)l).’ n_B.’
X(B)l.’e)) n_B)
X(B)lJl)J n_B)

. 2%
n/2);
2y
n/2);
n/2);
n/2);
/2%
n/2);
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D&C Matrix Multiplication

nd= ny)
{ /8C.=0 Aw* B

if (n <= THRESHOLD) {

} else {

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,

SounlaTE . L e Coarsen the leaves of the

recursion to lower the

assert((n & (-n)) == n); overhead.

~

A

mm_base(C, n.C, A, n_.A, B, n_ B, n);

double *D = malloc(n * n * sizeof(*D));

assert(D != NULL);
#define n D n
#define X(M,row,col) (M
cilk scope {
cilk spawn mm_dac(
cilk spawn mm_dac|{
cilk spawn mm_dac{
cilk spawn mm_dac|{
cilk spawn mm_dac|{
cilk spawn mm_dac(
cilk spawn mm_dac(
cilk spawn mm_dac(
}
m_add(C, n_C, D, n_I
free(D);

i

void mm _base(double *restrict C, int B
double *restrict A, int y
double *restrict B, int %
int" 4im

Bl e R

FOor AELMESE =- 0% 1 deun’; #8119+
for (int j = 0; j < n; ++j) {
ok St =" 0 Mk A< s tEK ) o d

Cli* MeC T+ Bt AT Ml AT ]e i B 0™ By +@lal;

}
}
}
}

4
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,

int n)
B RG S = AW B
assert((n & (-n)) == n); Allocate a temporary
if (n <= THRESHOLD) {
mm_base(C, n.C, A, n_A, B, n_B, n); nxn array D.

} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n. D n
#define X(M,row,col) (M + (row*(n_ ## M) + col)*(n/2))
cilk scope {

cilk spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n B, n/2);
cilk spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n B, n/2);
cilk _spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n B, n/2);
cilk spawn mm_dac(X(C,1,1), n_C, X(A,1,0), n_A, X(B,0,1), n B, n/2);
cilk _spawn mm_dac(X(D,0,0), n_D, X(A,0,1), n_A, X(B,1,0), n B, n/2);
@i 1k wspawn® nm da@( X (Do 415 = DEeX (Asd5 1)75F .0 "AT X (B, s L) 5 'n. BS Tiny2),;
qill kspawn gmmida c(X (D 0.) 5 104D, WAl )., RnL A% " X(OBE1A) ;™ I AR Ny2 Vi
cilk spawn mm_dac(X(D,1,1), n_D, X(A,1,1), n_A, X(B,1,1), n B, n/2);

}
msaddters gn=CRm, - - nwDY i)

free(D);
it
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,

int n)

{ //£°C += A+* B
assert((n & (-n)) ==
if (n <= THRESHOLD) {

mm_base(C, n.C, A, n_A, B, n_ B, n);
} else {

n);

The temporary array
D has underlying
row size n.

~

double *D = malloc(n *
assert(D != NUL
#define n D n
#define X(M,row,col) (M + (row*(n_ ## M) + col)*(n/2))
cilk scope {

cilk spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A,
cilk spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A,
cilk spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A,
cilk spawn mm_dac(X(C,1,1), n_C, X(A,1,0), n_A,
cilk _spawn mm_dac(X(D,0,0), n D, X(A,0,1), n_A,
cilk _spawn mm_dac(X(D,0,1), n D, X(A,0,1), n_A,
cilk_spawn mm_dac(X(D,1,0), n D, X(A,1,1), n_A,
cilk_spawn mm_dac(X(D,1,1), n_ D, X(A,1,1), n_A,

}

msaddters gn=CRm, - - nwDY i)

free(D);

iy

B
B
B
B,
B
B
B

X(B)l.’e)) n_ J
X(B)lJl)J n_B)

. 2%
n/2);
2y
n/2);
n/2);
n/2);
/2%
n/2);
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n)
B RG S = AW B
assert((n & (-n)) == n);

A clever macro to
compute indices
of submatrices

~

if (n <= THRESHOLD) { Y
mm_base(C, n_ C, A, n_A, B, n_B,
} else {
double *D = malloc(n * izeof(*D)); for r c & {O 1} we have
assert(D != NULL); ’ T
#define n D n Ar‘c = A+ (r‘ nM+C)(n/2)
#define X(M,row,col) (M + (row*(n_ ## M) + col)*(n/2)) :
cilk scope {
cilk spawn mm_dac(X(C,0,0), n_C, X ( BEE 20" sy ifhy 2 )%
cilk spawn mm_dac(X(C,0,1), n_C, B PXIRES RN, “TIRE W /2N
cilk spawn mm_dac(X(C,1,0), n_C, SR (B o) B ey - 2)
cilk spawn mm_dac(X(C,1,1), n_C, et NGB G, 1 YRR Bl /420
cilk _spawn mm_dac(X(D,0,0), n_D, ‘R\, Y2
cilk _spawn mm_dac(X(D,0,1), n_D, X(/ The C | n/2);
cilk_spawn mm_dac(X(D,1,0), n_D, X(/ , L2k
cilk_spawn mm_dac(X(D,1,1), n_D, X(/ Preprocessor s r n/2);
} :
m sadd(es gn=C D, - NuDY i) token—pastlng

free(D);
X _operator. y 7
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n)
B RG S = AW B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {
mm_base(C, n.C, A, n_A, B, n_ B, n);
} else {

assert(D != NULL);
#define n. D n
#define X(M,row,col) (M + (row*(n_ ## M
cilk scope {

cilk spawn mm_dac( ,0), n C,
cilk spawn mm_dac( ,1), n C,
cilk spawn mm_dac( ,0), n C,
cilk spawn mm_dac( 1), n_C,
cilk spawn mm_dac( ,0), n_D,
cilk_spawn mm_dac( 1), n_D,
cilk_spawn mm_dac( ,0), n_D,
cilk_spawn mm_dac( 1), n_D,

}

msaddters gn=CRm, - - nwDY i)

free(D);

it

double *D = malloc(n * n * sizeof(*D));

Perform the 8
multiplications of

(n/2) % (n/2) submatrices
recursively in parallel.

/

GO (L2415

X(A,@,@), n_AJ X(B)@Je)) n_B) n/Z);
X(A,@,@), n_AJ X(B)@Jl)) n_B) n/Z);
X(A)l)e)J n_A) X(B)GJ@)) n_B) n/Z);
X(A,l,@), n_AJ X(BJ@Jl).’ n_B.’ n/Z);
X(A)e)l)J n_AJ X(BJlJe).’ n_B.’ n/Z);
X(A)@Jl).’ n_AJ X(B)lJl).’ n_B) n/2)_;
X(A)lJl).’ n_A.’ X(B)l.’e)J n_BJ n/2)_;
X(A)l}l)J n_AJ X(B):I'Jl)) n_BJ n/Z);
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,

int n) e
{ //£°C += A+* B
assert((n & (-n)) ==
if (n <= THRESHOLD) {
mm_base(C, n.C, A, n_A, B, n_ B, n);
} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n. D n
#define X(M,row,col) (M + (row*(n_ ##
cilk scope {

n);

cilk spawn mm_dac(X(C,0,0) CA50), O )i Nl
cilk spawn mm_dac(X(C, C, X(A,0,0), n A,
cilk spawn RECIRX(AY 1860 ) . NHNA
cilk spawn N NG WA YL, 005 'n_ Ay
cilk _spawn m A(D,' 066 )., «Nubs W A1) 5 "nels
cilk spaw FdaGi( X (D8 115 DX ( A5 1)" .0 Al
FTammgdeld cl(XCQDSE 0) 5 IndlD. WALl )., Rni.A%
~Spawn mm_dac(X(D,1,1), n_D, X(A,1,1), n_A,
}
msaddters gn=CRm, - - nwDY i)
free(D);

iy

Wait for all spawned
subcomputations to
complete.

~

B
B
B
B,
B
B
B

X(B)l.’e)) n_ J
X(B):I'Jl)) n_B)

. 2%
n/2);
2y
n/2);
n/2);
n/2);
/2%
n/2);
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,

int n) 4
{// C+=A*B Add the temporary

assert((n & (-n)) == n);

if (n <= THRESHOLD) { matrix D into the
mm_base(C, n.C, A, n_A, B, n_ B, n); )
} else { output matrix C.

double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);

#define n. D n

#define X(M,row,col) (M + (row*(n_ ## M) + co
cilk scope {

cilk spawn mm_dac(X(C,0,0), n_C, help=X ( BS0.20) ,wn By iehy 2 )5
cilk spawn mm_dac(X(C,0,1), n_C, AN EXEES RN, “TTIRE W /2N
cilk spawn mm_dac(X(C,1,0), n_C YA TRG(BO%IE) B ey R ) s
cilk _spawn mm_dac(X(C,1,1), n_C e . Ag UXGBEG., 1YL ReN: Bl il 4205
cilk _spawn mm_dac(X(D,0,0), n (A0 ) .. DNl M EBTL S A, N Braa W 9%
cilk _spawn mm_dac(X(D,0,1), X (A5 1)" .0 "ATRSE( B, ML) 5. BS Yingt2-), ;
cilk_spawn mm_dac(X(D,1,9) (TR 4l ), RNLAR " GBRISEA) .~ I ABEI N2 )k

cilk_spawn mm_dac(X(D, 1, N5 D SXEAS T3 i A OXCBRL ) The ik B 7298

}
m_add(C, n.C, D, n.D, n);
free(D);

e
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D&C Matrix

Multiplication

}

i

double *restrict A, int n_A
double *restrict B, int n_B
nd= ny)

IR k=5 Aw B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {

nm=ba sE(C ,- fF CIMAL=h, AN ;- [ BIsnys
else {

double *D = malloc(n * n * sizeof(*
assert(D != NULL);

#define n D n
#define X(M,row,col) (M + (row*(n_ ## M) + co )

void mm_dac(double *restrict C, int n_C,

J

J

4 )
Add the temporary

matrix D into the
output matrix C.

D));

cilk_scope {

cilk_spawn mm_dac(X(C,0,4 void m_add (double *restrict C, int

cilk spawn mm_dac(X(C,®,]
cilk _spawn mm_dac(X(C,1,¢
cilk _spawn mm_dac(X(C,1,]
cilk_spawn mm_dac(X(D,0,4 { // C
cilk _spawn mm_dac(X(D,,] cilk
cilk_spawn mm_dac(X(D,1,¢ 2
cilk spawn mm_dac(X(D,l;; &L

}
m_add(C, n.C, D, n.D, n); }
free(D); }

}
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D&C Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n)
B RG S = AW B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {
mm_base(C, n.C, A, n_A, B, n_ B, n);
} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n. D n
#define X(M,row,col) (M + (row*(n_ ## M) + T/ 225
cilk scope {

Clean up, and
then return.

cilk spawn mm_dac(X(C,0,0), help=X ( BS0.20) ,wn By ieny 2 )5
cilk spawn mm_dac(X(C,0,1), (A,0,0), n A, X(B,0,1), n B, n/2);
cilk spawn mm_dac(X(C,1,0) XI(CAY 180 ) NHNA; R4(1B ;050 B neiBy hik2") s
cilk spawn mm_dac(X(C,1 NG WA L, O05s 'n_As L 06(B0., LTSN Bls. 420
cilk spawn mm_dac(X(D s gD W A0 50R), . sl W EBTNL S Q)F, N Brga W 985
cilk_spawn mm_dac( MDA (Al TINF o 20 aed(-B, ML) & Vn. BY Y inié2-), 5
cilk spawn mm_ 0.) 5 IndiD, WG ALl )., Rl AN DIGBE1:@)) ", 1 EBER 2. )
cilk spawn FOAD, Td ) S8 n= D, SXEAS T ), 8in A XCBR, T il B, 0/"2%E

}
m_add(C, n
free(D);

AR B LD

iy

© 2008-2024 by the MIT 6.172 and 6.106 Lecturers



0.9

PER ORDER OF SPE

ANALYSIS OF DIVIDE-AND-CONQUER
MATRIX MULTIPLICATION
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Master-Method Cheat Sheet

_ Solve T(n) =aT(n/b) + f(n), where a = 1 and b>1.
Driving

{ function }\)

CASE~®:

Watershed
function

n'°%3-¢) constant € >0 = T(n) = O(n'°%?) .

- f(n) = O(n'°%2 [gkn), constant k > 0 = T(n) = O(n'°%:2 |gk*1n) .

CASE 3: f(n) = Q(n'°%2 * &) constant € > 0* = T(n) = O(f(n)) .

https://tinyurl.com/mm-cheat

* and regularity condition
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Analysis of Matrix Addition

void m_add (double *restrict C, int 4
double *restrict D, int .
TRET)
L LRE =D
gi'l R fopd (InGehi v 10"~ % Lo s =P+ i)l
cilk for (int j =0; j < n; ++j) {
C[i*n C + j] += D[i*n D + j];
}
}
) 7
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Work of Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n)

L

cilk scope {

J X(B)@)@)) n_B) n/2);
J X(B)@Jl)) n_B) I’]/Z);

cilk_spawn mm_dac(X(D,0,1),
cilk spawn mm_dac(X(D,1,0),
cilk_spawn mm_dac(X(D,1,1),
}
m_add(C, n.C, D, n. D, n);

X(A)O)l)J
X(AJl)l)J
X(AJl)l)J

-

-

cilk spawn mm_dac(X(C,0,0), n C, X(A,0,0), n_
cilk spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_
cilk spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A,
cilk_spawn mm_dac(X(C,1,1), n_C, X(A,1,0),
cilk _spawn mm_dac(X(D,0,0), n D, X(A,0,1), n_A,
§F, )
n_D
n_D

I
o

n A

n A

A /’

A | CASE 1
neAe nlOgba — n|0928 — n3
e A
n A

| f(n) = o)

/
free(D);
} ) / %[

Driving
function

|

Work:  M,(n) = 8M1(ny%1(n) + 0(1)

= 8M,(n/2) + O(n?) T(n) = aT(n/b) + f(n)
= O3 [Watershed »N09pd = /098 = 3
function
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Recall from Lecture 8: Parallel Composition

Work: T{(AUB) = T,(A) + T,(B)
Span: Te(AUB) = max{T»(A), Tw(B)}

© 2008-2024 by the MIT 6.172 and 6.106 Lecturers
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Span of Matrix Multiplication

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n)

L o

cilk scope {

~ cilk_spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n B, n/2);
EE cilk spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n B, n/2);
D) cilk spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A,/” ‘\\
E cilk_spawn mm_dac(X(C,1,1), n C, X(A,1,0), n_A, CASE 2
- — -< cilk _spawn mm_dac(X(D,0,0), n D, X(A,0,1), n_A,
?é cilk_spawn mm_dac(X(D,@,1), n_D, X(A,8,1), n_A| nlogpa = nlog,l = 1
E cilk_spawn mm_dac(X(D,1,0), n_D, X(A,1,1), n_A, | 1
 Cilk_spawn mm_dac(X(D,1,1), n_D, X(A,1,1), n_A, f(ﬂ) - @(ﬂ g |g n)
} o /
m_add(C, n.C, D, n. D, n);
free(D);
&k

Span: Mee(n) = Me(n/2) tZa5(N) + O(1)
= Mw(n/2) + O(Ign)
= O(lg®n)
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Parallelism of Matrix Multiply

Work: Mi(n) = O(n3)
Span: Mw(n) = O(Ig?n)

Parallelism: = O(n%/lg?n)

For 1000 x 1000 matrices,
parallelism = (10%)°/10% = 10",
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Temporaries

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n)
{ //£°C += A+* B
assert((n & (-n)) == n);

} else {

#define n. D n

if (n <= THRESHOLD) {
mm_base(C, n.C, A, n_A, B, n_ B, n);

double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);

#define X(M,row,col) (M + (row*(n_ ## M) + col)*(n/2))
cilk scope {
cilk _spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_ A, X(B,0,0), n B, n/2);
cilk spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_ A, X(B,0,1), n B, n/2);

P

Since minimizing storage tends to yield
higher performance, trade off some of

% IDEA the ample parallelism for less storage.

,/

}

free(D);
it

n sadd{Cs gMuC R, - Ny DY)
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How to Avoid the Temporary?

void mm_dac(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
int n)
B RG S = AW B
assert((n & (-n))
if (n <= THRESHOLD) {
mm_base(C, n.C, A, n_A, B, n_ B, n);
} else {
double *D = malloc(n * n * sizeof(*D));
assert(D != NULL);
#define n. D n
#define X(M,row,col) (M + (row*(n_ ## M) + col)*(n/2))
cilk scope {

n);

iy

cilk spawn mm_dac(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n B, n/2);
cilk spawn mm_dac(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n B, n/2);
cilk _spawn mm_dac(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n B, n/2);
cilk spawn mm_dac(X(C,1,1), n_C, X(A,1,0), n_A, X(B,0,1), n B, n/2);
cilk _spawn mm_dac(X(D,0,0), n_D, X(A,0,1), n_A, X(B,1,0), n B, n/2);
@i 1k wspawn® nm da@( X (Do 415 = DEeX (Asd5 1)75F .0 "AT X (B, s L) 5 'n. BS Tiny2),;
qill kspawn gmmida c(X (D 0.) 5 104D, WAl )., RnL A% " X(OBE1A) ;™ I AR Ny2 Vi
cilk spawn mm_dac(X(D,1,1), n_D, X(A,1,1), n_A, X(B,1,1), n B, n/2);

}

msaddters gn=CRm, - - nwDY i)

free(D);
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No-Temp Matrix Multiplication

void mm_dac2(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,

ink 4
{8 C =W B
assert((n & (-n)) == n); DO 4 SprrOblemS
if (n <= THRESHOLD) { .
fom_base (T C;. As¥in. A%B,"neBE n)’; N para”el

} else {
#define X(M,row,col) (M + (row*(n_ ## M) + col)*(n/2))
cilk scope {

cilk_spawn mm_dac2(X(C,0,0), n_C, X(A,0,0), n_A, X(B,9,0), n_B, n/2);
cilk spawn mm_dac2(X(C,0,1), n_C, X(A,0,0), n_A, X(B,9,1), n_B, n/2);
cilk_spawn mm_dac2(X(C,1,0), n_C, X(A,1,0), n_A, X(B,9,0), n_B, n/2);
cilk spawn mm_dac2(X(C,1,1), n_C, X(A,1,0), n_A, X(B,9,1), n_B, n/2);

}

cilk scope {

cilk_spawn mm_dac2(X(C,0,0), n_C, X(A,0,1), n_A, X(B,1,0), n_B, n/2);

cilk spawn mm_dac2(X(C,0,1), n_C, X(A,0,1), n_A, X(B,1,1), n_B, n/2);

cilk_spawn mm_dac2(X(C,1,0), n_C, X(A,1,1), n_A, X(B,1,0), n_B, n/2);
n_C n_B

cilk_spawn mm_dac2(X(C,1,1), n_C, X(A,1,1), n_A, X(B,1,1), n_B, n/2);
28 g

--and when they're
done, do the other 4.
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No-Temp Matrix Multiplication

void mm_dac2(double *restrict C, int n_C,

double *restrict A, int n_A, \\
double *restrict B, int n_B,
int n) Reuse C
[N C e B :
assert((n & (-n)) == n); \A/|tf]()[]t
if (n <= THRESHOLD) { .
mm_base(C, n.C, A, n.A, B, n B, n); raCIﬂg. /

} else {
#define X(M,row,col) (M + (row*(n_ ## M) + col
cilk scope {
cilk_spawn mm_dac2(X(C,0,0), n_C, 0 ), In_AWX(B,0,0) e n.B; n/@%
cilk _spawn mm_dac2(X(C,0,1), n_C % - X (Bye, )., "B n/l2);
cilk_spawn mm_dac2(X(C,1,0), KB 5.0),,* ba'AY PE(B, 008N & N . B, a7 2)8
cilk_spawn mm_dac2(X(C,1,1) XAy “RAR® X (B, 0,45%  niaB T n 427

}

cilk scope {
cilk_spawn mm_dac2(X(C,0,0),  XEALO 1) . A #8(B,1%:8)5 4o B3 n/29%
cilk_spawn mm_dac2(X(C,0,1), XUA,0, By ™ Ase XGENIF] ), B =n/k2):
cilk_spawn mm_dac2(X(C,1,0), MEA IR, NTA, BX(BRImO BN B, h/20
cilk _spawn mm_dac2(X(C,1,1), n_C, X(A,1,1), n_A, X(B,1,1), n_B

B /275
Thaty 7

-
-

3|3|3|3
ﬁﬁpﬁ

Saves space, but at what expense?
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Work of No-Temp Multiply

void mm_dac2(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
ink 4
{8 C =W B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {
mm_base(C, n.C, A, n.A, B, n B, n);
} else {
#define X(M,row,col) (M + (row*(n_ ## M) + col)*(n/2))
cilk scope {

cilk_spawn mm_dac2(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n_B, n/2);
cilk _spawn mm_dac2(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n_B, n/2);
cilk_spawn mm_dac2(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n_B, n/2);
i1k s pawnkmm ‘dacZ(X(C -1, 150 LaT Cop X (AN )y TRAR® X (B, 0,45%" niaB Toin 42

}

cilk scope {
cilk_spawn mm_dac2(X(C,0,0),
cilk_spawn mm_dac2(X(C,0,1), X(A,0,1), n_A, X(§
cilk spawn mm_dac2(X(C,1,0), X(A,1,1), n_A, X(& nlogba — n|0928 — n3
c1 Masspawn “mine dacAX (€xlis 1), a6, X (#sd ke N A X

1) f(n) = O()

e
» x(a,0,1), nA, x(t CASE 1

-

-

n_C
n_C
n_C
NSE

Z—

Work: M;(n)

N
@)
<

H

—~
D)
~
N

~

+
©)

—
=
~
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Span of No-Temp Multiply

void mm_dac2(double *restrict C, int n_C,
double *restrict A, int n_A,
double *restrict B, int n_B,
ink 4
{8 C =W B
assert((n & (-n)) == n);
if (n <= THRESHOLD) {
mm_base(C, n.C, A, n.A, B, n B, n);
} else {
#define X(M,row,col) (M + (row*(n_ ## M) + col)*(n/2))
cilk scope {

cilk_spawn mm_dac2(X(C,0,0), n_C, X(A,0,0), n_A, X(B,0,0), n_B, n/2);
cilk _spawn mm_dac2(X(C,0,1), n_C, X(A,0,0), n_A, X(B,0,1), n_B, n/2);
MaxX cilk _spawn mm_dac2(X(C,1,0), n_C, X(A,1,0), n_A, X(B,0,0), n B, n/2);
i1k s pawnkmm ‘dacZ(X(C -1, 150 LaT Cop X (AN )y TRAR® X (B, 0,45%" niaB Toin 42

}
cilk scope {
cilk_spawn mm_dac2(X(C,0,90),
cilk_spawn mm_dac2(X(C,0,1),
Max cilk _spawn mm_dac2(X(C,1,0), G, 181 nTA, ﬂlogba = nlOQZZ =N
cilk_spawn mm_dac2(X(C,1,1), n_C, X(A,1,1), n_A,

} 1) f(n) = O(1)

/
, x(a,0,1), n_a| CASE 1

X(A)e)l)) n_AJ

-

-

n_C
n_C
n_C
NSE

Z

2Ma(n/2) + O(1)
= O(n)

Span: Me(n)
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Parallelism of No-Temp Multiply

Parallelism:

For 1000 x 1000 matrices,
parallelism = (10%)? = 10°.

Faster In practice!
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0.9

PER ORDER OF SPE

PARALLEL MERGE SORT
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Merge Sort

void merge sort(int *restrict A, // unsorted input array of length n
int n, // # elements in A (and B)
LhLYSpestrictt B) // sorted output array of Length n
{
assert(n > 0); // check that # elements is positive
g (OA==1y) - // should coarsen the recursion
B[@] = A[@]; return; // 1-element array is sorted
}
it *&(n]; // create a temporary array C
merge_sort(A, n/2, C); // sort the Lower half of A 1into C
merge_sort(A+n/2, n-n/2, C+n/2); // sort the upper half of A into C
merge(C, n/2, C+n/2, n-n/2, B); // merge the two halves into B
) | 4

e C(Classic recursive algorithm for sorting.
e Not Iin place: requires auxiliary array.
e Asymptotically optimal running time for a comparison sort: @(nlgn).
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Merge Sort

void merge_sort(int *restrict A,
int n,
int *restrict B)

assert(n > 0);
g (OA==1y) -
B[@] = A[@]; return;
}
it *&(n];
merge_sort(A, n/2, C);
merge_sort(A+n/2, n-n/2, C+n/2);
merge(C, n/2, C+n/2, n-n/2, B);

// unsorted input array of lLength n
// # elements in A (and B)
// sorted output array of Length n

// check that # elements 1is positive
// should coarsen the recursion
// 1-element array 1is sorted

// create a temporary array C
// sort the Lower half of A 1into C
// sort the upper half of A into C

// merge the two halves into B Z;;7
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Merge Sort

void merge_sort(int *restrict A,
Nt
LhLYSpestrictt B)

assert(n > 0);
g (OA==1y) -
B[@] = A[@]; return;
}
it *&(n];
merge_sort(A, n/2, C);
merge_sort(A+n/2, n-n/2, C+n/2);
merge(C, n/2, C+n/2, n-n/2, B);

// unsorted input array of length n
// # elements in A (and B)
// sorted output array of Length n

// check that # elements 1is positive
// should coarsen the recursion
// 1-element array 1is sorted

// create a temporary array C
// sort the Lower half of A 1into C
// sort the upper half of A into C

// merge the two halves into B Z;;7
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Merge Sort

void merge_sort(int *restrict A,
Nt
LhLYSpestrictt B)

assert(n > 0);
if (n == 1) {
B[@] = A[@O]; return;
}
it *&(n];
merge_sort(A, n/2, C);
merge_sort(A+n/2, n-n/2, C+n/2);
merge(C, n/2, C+n/2, n-n/2, B);

// unsorted input array of length n
// # elements in A (and B)
// sorted output array of Length n

// check that # elements 1is positive
// should coarsen the recursion
// 1-element array 1is sorted

// create a temporary array C
// sort the Lower half of A 1into C
// sort the upper half of A into C

// merge the two halves into B Z;;7
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Merge Sort
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Nt
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// merge the two halves into B Z;;7

© 2008-2024 by the MIT 6.172 and 6.106 Lecturers



Merging Two Sorted Arrays

void merge(int *restrict A, int na,
it RRe siGFortBS Y I -nb,
iMER*restiict C I
while (na > @ && nb > 0) {
o (EANKE FBY) o

*C++ = *A++; na--;
} else {

*C++ = *B++; nb--;
}

}
while (na > @) {

*C++ = *A++; na--;

}
while (nb > @) {

*C++ = *B++; nb--;

Time to merge n
elements = O(n).

}

} 4

C_
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How to Parallelize?

void merge_sort(int *restrict A,
intan)
LALYSpestrictt B

assert(n > 0);
g QA=Y -
B[@] = A[@]; return;
}
int C[n];

merge _sort(A, n/2, C);
merge_sort(A+n/2, n-n/2, C+n/2);

merge(C, n/2, C+n/2, n-n/2, B);

1%
//
oh

//
//
I/
e/

'
//

//

unsorted input array
# elements in A (and B)
sorted output array

check # elements is positive
should coarsen recursion
l-element array is sorted

create a temporary array C

sort lower half of A into C
sort upper half of A into C

merge the two halves into B Z:;;7
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Parallel Merge Sort

void p_merge sort(int *restrict A,
intan)
LALYSpestrictt B

assert(n > 0);
g QA=Y -
B[@] = A[@]; return;
}
int C[n];
cilk _scope {

}
merge(C, n/2, C+n/2, n-n/2, B);

cilk_spawn p_merge sort(A, n/2, C);
p_merge_sort(A+n/2, n-n/2, C+n/2);

1%
Ll
o

//
//
//
e/

/Y
//

unsorted input array
# elements in A (and B)
sorted output array

check # elements is positive
should coarsen recursion
l-element array is sorted

create a temporary array C

SOPT“roWer half of A into C

SosSdiisper MalifgohprARlnEo" G

HOLY COW!
nat was easy!
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Parallel Merge Sort Animation

void p_merge sort(int *restrict A, // unsorted input array
0 tmn S // # elements in A (and B)
LRLYSpesttrictiBY // sorted output array

{

cilk _scope {
cilk _spawn p_merge_sort(A, n/2, C); // sort lower half of A into C
p_merge_sort(A+n/2, n-n/2, C+n/2); // sort upper half of A into C

}
merge(C, n/2, C+n/2, n-n/2, B); // merge the two halves into B £;7

¥

19 3 12 46 33 4 21 14
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Parallel Merge Sort Animation

void p_merge sort(int *restrict A, // unsorted input array
i tmn’) // # elements in A (and B)
LALYSpestrictt B // sorted output array

{

cilk scope {
cilk_spawn p_merge sort(A, n/2, C); // sort lower half of A into C
p_merge _sort(A+n/2, n-n/2, C+n/2); // sort upper half of A into C

}
merge(C, n/2, C+n/2, n-n/2, B); // merge the two halves into B £;7

}

19 3 12 46|33 4 21 14
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Parallel Merge Sort Animation

void p_merge sort(int *restrict A, // unsorted input array
i tmn’) // # elements in A (and B)
LALYSpestrictt B // sorted output array

{

cilk scope {
cilk_spawn p_merge sort(A, n/2, C); // sort lower half of A into C
p_merge _sort(A+n/2, n-n/2, C+n/2); // sort upper half of A into C

}
merge(C, n/2, C+n/2, n-n/2, B); // merge the two halves into B £;7

}

19 3112 46|33 4 ||21 14
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Parallel Merge Sort Animation

{ .

cilk scope {

void p_merge sort(int *restrict A,
intan)
LALYSpestrictt B

1%

// # elements in A (and B)

o

unsorted input array

sorted output array

cilk_spawn p_merge sort(A, n/2, C); // sort lower half of A into C
p_merge _sort(A+n/2, n-n/2, C+n/2); // sort upper half of A into C
}
merge(C, n/2, C+n/2, n-n/2, B); // merge the two halves into B
) 4
3 4 12 14 19 21 33 46
merge
3 12 19 46|14 14 21 33
merge
3 19|12 46||4 33|14 21
merge
19113 |12]|46| 33| 4 ||2]1] 14
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Work of Parallel Merge Sort

void p_merge sort(int *restrict A, // unsorted input array
i tmn’) // # elements in A (and B)
LALYSpestrictt B // sorted output array
{
assert(n > 0); // check # elements is positive
iy GOA=—118) - // should coarsen recursion
B[@] = A[@]; return; // 1l-element array is sorted
}
int C[n]; // create a temporary array C

cilk _scope {
cilk spawn p _merge sort(A, n/2, C); // sort lower half of A into C
p_merge_sort(A+n/2, n-n/2, C+n/2); // sort upper half of A into C

}
merge(C, n/2, C+n/2, n-n/2, B); // merge the two halves intoIBZ;;;7

Work: Ty(n) = 2T1y(n/2) + O(n)
= O(nlgn) CASE 2

nlogba — If]log22 =n
f(n) = ©(n'°9%2g°n)
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Span of Parallel Merge Sort

void p_merge sort(int *restrict A, // unsorted input array
i tmn’) // # elements in A (and B)
LALYSpestrictt B // sorted output array
{
assert(n > 0); // check # elements is positive
iy GOA=—118) - // should coarsen recursion
B[@] = A[@]; return; // 1l-element array is sorted
}
int C[n]; // create a temporary array C

cilk _scope {

Eé cilk spawn p _merge sort(A, n/2, C); // sort lower half of A into C
= p_merge_sort(A+n/2, n-n/2, C+n/2); // sort upper half of A into C
}
merge(C, n/2, C+n/2, n-n/2, B); // merge the two halves into B :;;7
}

Span: Tw(n) = Te(n/2) + O(N)
= Q(n) CASE 3
nlogba — r1I0g21 =1

f(n) = ©(n)
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Parallelism of Merge Sort

4 )
Work: T4(n) = O(nlgn)
Span: Te(n) = OG(N)
)
-
paralielism:  — " = ogn)
Tw(n)

What is the bottleneck?

We need to parallelize the merge! [Divide and conquer }
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Parallel Merge

0 ma = na/2 na
A < A[ma] = A[ma]
Recursive Binary Search Recursive
p_merge / p_merge
Bl < A[ma] = A[ma] na = nb
0 mb-1 mb nb

KEY IDEA: If the total # of elements in the two arrays is N = ha + nb,
the total # of elements in the larger of the two recursive merges is at most 3n/4
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Parallel Merge

void p _merge(int *restrict A, int na,
T ‘re s tTrict By Wnt . nh;
LS Gy

Gk 10 el N DB £
p_merge(B, nb, A, na, C); return;
}
1T ¥¢ha v==#B8 )" Tetlirn;
int ma = na/2;
int mb = binary search(A[ma], B, nb);
C[ma+mb] = A[ma];
cilk scope {
cilk spawn p _merge(A, ma, B, mb, C);

¥

}

p_merge(A+ma+l, na-ma-1, B+mb, nb-mb, C+ma+mb+1);

4
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Parallel Merge

void p _merge(int *restrict A, int na,
T ‘re s tTrict By Wnt . nh;
LS Gy

if (na < nb) {
p_merge(B, nb, A, na, C); return;
}
1T ¥¢ha v==#B8 )" Tetlirn;
int ma = na/2;
int mb = binary search(A[ma], B, nb);
C[ma+mb] = A[ma];
cilk scope {
cilk spawn p _merge(A, ma, B, mb, C);

¥

}

p_merge(A+ma+l, na-ma-1, B+mb, nb-mb, C+ma+mb+1);

4
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Parallel Merge

void p _merge(int *restrict A, int na,
T ‘re s tTrict By Wnt . nh;
LS Gy

Gk 10 el N DB £
p_merge(B, nb, A, na, C); return;
}
if (na == @) return;
int ma = na/2;
int mb = binary search(A[ma], B, nb);
C[ma+mb] = A[ma];
cilk scope {
cilk spawn p _merge(A, ma, B, mb, C);

¥

}

p_merge(A+ma+l, na-ma-1, B+mb, nb-mb, C+ma+mb+1);

4
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Parallel Merge
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Work of Parallel Merge

void p _merge(int *restrict A, int na,
T ‘re s tTrict By Wnt . nh;
LS Gy

JEF"n Sscl N DB L0
p_merge(B, nb, A, na, C); return;

}

1T ¥¢ha v==#B8 )" Tetlirn;

int ma = na/2;

int mb = binary search(A[ma], B, nb);

C[ma+mb] = A[ma];

cilk scope {
cilk spawn p _merge(A, ma, B, mb, C);
p_merge(A+ma+l, na-ma-1, B+mb, nb-mb, C+ma+mb+1);

¥

} 4

Is parallel merge asymptotically work efficient?
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Work Efficiency

Definition

Let T<(n) be the running time of the best serial algorithm on a given input of size n.

Let T,(n) be the work of a parallel program (its running time on 1 processor) on the
same Input.

The work overhead of the parallel program is the worst-case ratio A(n) = T,(n)/Ts(n)

We say that the parallel program is work efficient if T;(n) ~ Ts(n), or equivalently, iIf
ANn) ~ 1.

We say that the parallel program is asymptotically work efficient if T;= O(Ty), or
equivalently, If A(n) = O(1).
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Work-First Principle

Suppose that the worst-case work overhead for a parallel algorithm
on a given inputis A = T;/Ts. The WORK LAW says that

T, = T,/P
— }\ Ts/P .

We'll never achieve a
speedup of P than the
best serial algorithm

L essons

e |f Aislarge, we cannot get near-perfect linear speedup over the
good serial code no matter how many processors we run on

e We waste processing power proportional to the work overhead.

e \We must minimize work first, ahead of maximizing parallelism, if
we want efficiency.
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Work of Parallel Merge

void p _merge(int *restrict A, int na,
L @re s Unilet By Wn T, b
LS Gy
{
JEF"n Sscl N DB L0
p_merge(B, nb, A, na, C); return;
}
1T ¥¢ha v==#B8 )" Tetlirn;
int ma = na/2;
int mb = binary search(A[ma], B, nb);
C[ma+mb] = A[ma];
cilk scope {
cilk spawn p _merge(A, ma, B, mb
p_merge(A+ma+l, na-ma-1, B+mb -mb, C+ma+mb+1);
}
} 7

Work: Ty(n) = Ty(an) + Ty((1-c)n) + O(Ign),
where 1/4 < o < 3
= 0O(n).
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Analysis of Work Recurrence

Ty(n) = Ty(an) + T,((1-o)n) + O(lg n),
where 1/4 < o < 3/4.

Substitution method: Inductive hypothesis is T,(k) = ¢k — ¢,lgk,
where c4,c, > 0. Prove that the relation holds, and solve for ¢, and c,.

Ty(n)= cy(an)—colg(an) + c,(1—a)n — c,lg((1—a)n) + O(lgn)
c{N — Clg(an) — c,lg((1—a)n) + O(Ign)

= ¢ — ¢ (Ig(al-a)) + 21gn ) + O(lgn)

= cin = Cylgn—=(cy(lg n + Ig(a(l-a)) — O(Ign))

< ciN —CyIgn

If we choose ¢, large enough for sufficiently large n. We then choose
c, large enough to handle the base cases. Hence, we have T,(n) =
O(n), and since T(n) = Q(n) trivially, 1t follows that T,(n) = ©(n).
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Span of Parallel Merge

void p _merge(int *restrict A, int na,
T ‘re s tTrict By Wnt . nh;
LS Gy

JEF"n Sscl N DB L0
p_merge(B, nb, A, na, C); return;

¥

1T ¥¢ha v==#B8 )" Tetlirn;

int ma = na/2;

int mb = binary_search(A[ma], B, n CASE 2

C!ma+mb] = A[ma]; nlogba = n'ogs3l = 1

cilk scope { |
O(n'°%? [gin)

cilk spawn p _merge(A, ma, B, mb,
p_merge(A+ma+l, na-ma-1, B+mb, nb— Mo¥IJ;
}
}

Span: Te(n) < Te(3n/4) + G) (Ign)
= O(Ig°n)
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Parallelism of Parallel Merge

Work: T1(n) = ©(n)
Span: To(n) = O(lgn)

Parallelism: = O(n/lg?n)
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Parallel Merge Sort (Version 2)

void p _merge sort2(int *restrict A,
Nt
LRALYSpestrrictt B

assert(n > 0);
g (OA==1y) -
B[@] = A[@]; return;
}
it *&(n];
cilk scope {
cilk spawn p_merge_sort2(A, n/2, C);
p_merge_sort2(A+n/2, n-n/2, C+n/2);
}
p_merge(C, n/2, C+n/2, n-n/2, B);

1%
//
//

//
//
I/
e/

'
//

//

unsorted input array
# elements in A (and B)
sorted output array

check # elements is positive
should coarsen recursion
l-element array is sorted

create a temporary array C

sort lower half of A into C
sort upper half of A into C

merge the two halves intoIBZ;;;7
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Work of Parallel Merge Sort

void p_merge sort2(int *restrict A, // unsorted input array
int n, // # elements in A (and B)
LRALYSpestrrictt B // sorted output array
{
assert(n > 0); // check # elements is positive
g (OA==1y) - // should coarsen recursion
B[@] = A[@]; return; // 1l-element array is sorted
}
Tnt*e[n]; /I )
cilk scope { CASE 2
cilk spawn p_merge sort2(A, n/2, C?, /| rﬂogba _'rﬂOQZZ'_ N
p_merge _sort2(A+n/2, n-n/2, C+n/2); /|
} rﬂogba|
p_merge(C, n/2, C+n/2, n-n/2, B); :;;7
}
Work: Ty(n) = 2T n/2 + O(n

= O(nlgn)
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Span of Parallel Merge Sort

void p_merge sort2(int *restrict A, // unsorted input array
int n, // # elements in A (and B)
LRALYSpestrrictt B // sorted output array
{
assert(n > 0); // check # elements is positive
g (OA==1y) - // should coarsen recursion
B[@] = A[@]; return; // 1l-element array is sorted
}
Tnt*e[n]; /I )
cilk scope { CASE 2
cilk spawn p_merge sort2(A, n/2, C?, /| rﬂogba _'rﬂogzl'_ 1
p_merge sort2(A+n/2, n-n/2, C+n/2); /,
} rﬂogba|
p_merge(C, n/2, C+n/2, n-n/2, B); :;;7
}

Span: Tw(n) = Te n/2 + O(lg®n)
= O(lg°n)
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Parallelism of Parallel Merge Sort

Work: T1(n) = O(nlgn)
Span: To(n) = O(lg°n)

T4(N
Parallelism: 1(n) = O(n/lg?n)
()
BEST TO DATE: L) _ ©
. = O(n/lgn)
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Summary

e Trade off some of the ample parallelism for less overhead,
o e.g. trade for less storage in matrix multiplication
o e.g. coarsening in vector addition

e Span analysis tells you the bottleneck in your parallel code,
o e.g. serial merge in parallel merge-sort

e Work-efficiency & Work-First Principle

o Do not do more work than necessary If you can
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